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In a previous article1 the writer proved a theorem concerning con
gruences in rings. This was employed to obtain various congruences 
involving the Bernoulli numbers, in particular the relation2 
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n* • • • hfiPih?-1 + /32^2P~1 + • • • + Psha
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= 0 (mod p]\ pni~l, pn2~l, • • • , pn*-~l), 

fii^O (mod P — l); p a prime; i = l, 2, • • • , s; ft, /32, • • • , & are in
tegers such that 

s 

£ & = 0(mod£), 

and the left-hand member is expanded in full employing the mul
tinomial theorem, and bt/t is substituted for hi* in the result, 
i=l, 2, • • • , s, with the ô's defined by the following recursion for
mula : 

( 6 + 1)» = bn)fi> l ; 6 o = 1. 

I shall now discuss other methods for obtaining congruences involving 
the b's. The proofs will be indicated only. We have the following re
sult. 

THEOREM I. If a\, a2, • • • , a8; xi, x2, • • • , x8 are integers with the x's 
positive and the congruences 

aiCxl,i + a2CX2ti + • • • + a8CXs,i ss 0 (mod pk~l), 

i = 0, 1, • • • , & — 1; CXta = 0 when a>x, are all satisfied, then 

A aibn+(p-i)Xi 
£ —TT,—T^~ s ° (mod * > £n~ ) • *-i n+ (p — l)Xi 

The proof of this depends on the formula 

n2i _ I p « - l 

:— b2i = ZJ yaa21"1 (mod p°) 

for p>3, and noting tha t we can write 

1 This Bulletin, vol. 43 (1937), pp. 418-423. 
2 Here (mod pj, < • • , p"*'1) means (mod (pi, • • • , pn*r1)). 
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