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NOTE ON VOLTERRA AND FREDHOLM PRODUCTS
OF SYMMETRIC KERNELS*

BY L. M. BLUMENTHAL

1. Introduction.t The purpose of this paper is to establish two
theorems concerning the Volterra and the Fredholm products of
two continuous, symmetric functions. These two theorems were
obtained in the course of an investigation that had as its ob-
ject the determination of the existence of permutable functions
(first kind) of the second order; that is, the determination of
functions Ki(x, v), Ka(x, ¥) such that

(1) K1K2K2K1 = K2K1K1K2,
but

K K, # K»K,,
where

Y
mm=j"mmommww

To satisfy (1),] it is sufficient to find two functions Ki, K»
such that

(2) K1K2 = — K2K1,

for, composing (on the right) the left-hand member with K,K;,
and the right-hand member with its equal, — K,K,, we obtain
(1). If two functions satisfy (2), we shall call them skew per-
mutable. Assume, now, that Ki(x, v), Ka(x, y) are symmetric
functions of their arguments. We have the following lemma.

LemMA. The Volterra product of two symmetric functions is
itself a symmetric function if and only if the two functions are skew
permutable.

Let

K(z, y) = f Ki(x, DKt y)d = KiKo;

* Presented to the Society, September 9, 1931.
t I wish to thank G. C. Evans for suggestions given me during the prepara-
tion of this paper.

1 In this part of the paper we are concerned entirely with Volterra compo-
sition.



