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The conditions of the theorem are necessary by the results of 
§3 and the corollary of §8. We may show that the conditions 
are sufficient by an argument following closely that used in 
proving the sufficiency of the condition in §6. 

The first example of §7 shows that the conditions of the 
theorem are not sufficient if we do not specify that M is locally 
connected. 
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1. Introduction. Identities of the type 

m n 

(1) X^as sin asx = ^2(3tsinbtX, 

where as, as, fit, bt are rational integers, arise in the comparison 
of like powers of the modulus when an elliptic function is repre­
sented in more than one way by trigonometric series. The fol­
lowing theorem is used in obtaining arithmetical results from 
such identities. 

THEOREM 1. If g(x) is an arbitrary, single-valued, oddfunctiont 

defined for x — as, 5 = 1, 2, • • • , m, and x = bt, t = \, 2, • • • , n, 
then (1) implies 

(2) Z«.g(a.) = ÈM&i). 
8=1 t=l 

Similarly, for cosines, we have the following statement. 

THEOREM 2. If f{x) is an arbitrary, single-valued, even func­
tion, defined f or x = as, s = 1, 2, • • • , m, and x = bt, t=l, 2, • • • , 
n, then 

m n 

(3) ^2as cos aax = ]>j8$ cos b^x 
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