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ON T H E CONVERGENCE OF T R I G O N O M E T R I C 
APPROXIMATIONS FOR A FUNCTION 

OF TWO VARIABLES* 

BY ELIZABETH CARLSON 

A discussion of the convergence of approximating func
tions for a given function of two variables ƒ(#, y), just as 
in the case of functions of one variable, can be based on 
two sets of theorems: (1) theorems on the existence of func
tions of closest approximation; (2) theorems on the rep
resentation of ƒ(#, y) by means of finite sums constructed 
in a specific way. 

From the first group we shall make use of the following 
theorem : 

THEOREM I. Let pi(x,y), p2(xy), • • • , pN(x,y) be N f unc
tions of x and y, continuous in the region R: (a^x^b, 
c^ySd), and linearly independent in this region. Let 

4>{%,y) = cipi(x,y) + C2p2(x,y) + • • • + cNpN(x,y) 

be an arbitrary linear combination of the given functions 
with constant coefficients. Let f (#, y) be a continuous function 
of x and y in R. Then there exists a choice of the coefficients 
Ck in <£(#, y) such that the integral 

dx\ \f(x,y)-4>(x,y)\mdy, im > 0 ) , 
a *J c 

has its minimum value. The function <£(#, y) so determined 
is unique for m>\. It is called an approximating function 
for f(x, y) corresponding to the exponent m. 

This theorem can be proved by methods analogous to 
those used in proving the corresponding theorem for func
tions of a single variable, f In this paper we shall choose 
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