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d = e\di, where e\ is an integer. The remaining conditions 
(6) now hold if and only if a — eiCi = qdi, ƒ — bidi = — qci, 
where q is an integer. Next, when a, • • •, ƒ are any numbers 
(not necessarily integers) of the field R, the conditions (6) are 
equivalent to 

b = bidi, c = b\C\, e = e\Ci, d = eidi, 

a = exci + qdi, ƒ = M i — qch 

where bif C\, d\9 ei, q are numbers of R. We now have the 
most general operation (5) under which the numbers of R 
form a group. 

5. We are led to a fraction of the form (5) in which a and j8 
enter linearly if we demand that the inverse operation shall 
be applicable to every pair of numbers of the field. Suppose 
that also a © jo is a similar symmetric function of a and /3. 
If these two operations obey the associative and distributive 
laws, it seems probable that they must be of type (2) and (3), 
defined by the linear fractional correspondence (1). This is 
easily proved for integral functions: 

a © p = Aa$ + B(a + /?) + C, 
a © /S = aafi + b(a + /3) +[c. 

Of the conditions for (a © |8) 0 7 = (a 0 7) © (j8 © 7), those 
which involve y2 show that Aa = Ab = 0, whence A = 0, and 
the remaining conditions are 

aC + b = 2Bb, bC+c=2Bc+ C. 

By the associative law for ©, B2 = B, whence B = 1. Thus 
b = aC, c = aC2 — C, and we get (4) with m = — C,l = 1/a. 
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T H E present note relates mainly to the distribution of 
quadratic residues for a rational prime modulus. A special 
quadratic form is also considered. 


