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0. Introduction. In this paper, we prove a generalization of a theorem of S.Y.
Cheng on the upper bound of the bottom of the L2 spectrum for a complete Rie-
mannian manifold. In [C], Cheng proved a comparison theorem for the first Dirichlet
eigenvalue of a geodesic ball. By taking the radius of the ball to infinity, he obtained an
estimate for the bottom of the L2 spectrum. In particular, he showed that if Mn is an
n-dimensional complete Riemannian manifold whose Ricci curvature is bounded from
below by −(n− 1)K for some constant K > 0, then the bottom of the L2 spectrum,
λ1(M), is bounded by

λ1(M) ≤
(n− 1)2K

4
.

This upper bound of λ1(M) is sharp as it is achieved by the hyperbolic space form
Hn. Observe that Cheng’s theorem can be stated in the following equivalent form.

Cheng’s Theorem. Let Mn be a complete Riemannian manifold of dimension

n. If λ1(M) > 0 and there exists a constant A ≥ 0 such that the Ricci curvature of M
satisfies

(0.1) RicM ≥ −Aλ1(M),

then A must be bounded by

A ≥
4

n− 1
.

In a previous paper [LW] of the authors, they consider complete Riemannian
manifolds on which there is a nontrivial weight function ρ(x) ≥ 0 for all x ∈M , such
that, the weighted Poincaré inequality

∫

M

|∇φ|2 dV ≥

∫

M

ρ φ2 dV

is valid for all functions φ ∈ C∞
c (M). Note that if λ1(M) > 0 then λ1(M) can be used

as a weight function by the variational characterization of λ1(M), namely,

inf
φ∈C∞

c
(M)

∫

M
|∇φ|2 dV

∫

M
φ2 dV

= λ1(M).

With this point of view, a weight function ρ can be thought of as a pointwise gener-
alization of λ1(M). It was pointed out in [LW] that manifolds possessing a weighted
Poincaré inequality is equivalent to being nonparabolic - those admitting a positive
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