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THE LINEARITY OF PROPER HOLOMORPHIC
MAPS BETWEEN BALLS

IN THE LOW CODIMENSION CASE

JAMES J. FARAN

Let Bn = {z e C": \\z\\ < 1} and let /: Bn -• Bk be a proper holomorphic
map. We shall always take n > 2. Cima and Suffridge [1] have conjectured that
if / extends to a twice continuously differentiable function on the closure of Bn

and k < 2n — 2, then / is linear fractional. The purpose of this note is to
show

Theorem. ///: Bn -> Bk is a proper holomorphic map which extends holo-

morphically to a neighborhood of Bn andk < 2« — 2, then f is linear fractional.

(It should be remarked that the map (z υ , zn) -> (zv , zn_l9

zxzn,— ,zn_ιzn9 zl) shows that the theorem is false if k ^ In - 1; see [1].)
So, let /: Bn -» Bk be a proper map, holomorphic in a neighborhood of ΪP,

A: < 2« — 2. Let (z, w) = Σ?sεlZjWj be the hermitian inner product in Cp. Let
z' = /(z). Applying the Hopf lemma to the function r' = (z', z') — 1 on Bn,
we see that

(1) < z ' , z ' > - l = u(z ,z-)( l-<z,z»

for some real analytic function w(z, z), nonzero in a neighborhood of dBn.
Complexifying, (1) becomes

(2) < Z > ' ) - 1 = W (Z,VV)(1-<Z,H>>),

where wr =/(w).
Let z0 G 35n. (2) is valid for (z,w) G U X ί/ for some open neighborhood

ί/ of z0. Thus if z is a point on the hyperplane Qw = {f: 1 - (f,w> = 0},
(z,w) G ( / X ( / , then z' = /(z) is on the hyperplane Q'WQ = {£': 1 - (ξ',w')
= 0}, u/ = /(w). Thus / maps points lying in a complex hyperplane to points
lying in a complex hyperplane. Let φn: pn -* pn* be the antiholomorphic map
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