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1. Introduction

The Toponogov Splitting Theorem [6] states that a complete Riemannian
manifold (H,h) of nonnegative sectional curvatures which contains a line γ:
R -> H (i.e., a complete absolutely minimizing geodesic) must be isometric to a
product R X H\ the first factor being represented by γ. In [6] Cheeger and
Gromoll gave a proof of this theorem stemming from their soul construction.
Subsequently, Cheeger and Gromoll [5] were able to generalize this Rieman-
nian splitting theorem to the case of nonnegative Ricci curvatures. In [17, p.
696], S. T. Yau raised the question of showing that a geodesically complete
Lorentzian 4-manifold of nonnegative timelike Ricci curvature which contains
a timelike line (i.e., a complete absolutely maximizing timelike geodesic) is
isometrically the Cartesian product of that geodesic and a spacelike hyper-
surface.

Galloway [9] has recently considered this question for space-times which are
spatially closed, i.e., which admit a smooth time function whose level sets are
compact (smooth) Cauchy surfaces. Let (M, g) be such a globally hyperbolic
space-time which satisfies the strong energy condition Ric(ι;, v) > 0 for all
timelike vectors υ in TM. Suppose further that (M,g) contains a timelike
curve which is both future and past complete and that for each p e M, every
null geodesic emanating from p contains a past and future null cut point to p.
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