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TOPOLOGY OF THE COMPLEX VARIETIES Ai
n)

I. DIBAG

1. Introduction

Define, for s <[n/2],
Vn>2s: manifold of ordered 2^-tuplets of linearly independent vectors in

Euclidean n-space Rn,
A™ : space of 2-forms in Rn of rank 2s,

fίn) yΠ,IB —> Aln): map given by

?ίΛ>Cyi, , y2,) = yi Λ ys+1 + + ys Λ y 2 s ,

F W ) 2 S : Stiefel manifold of orthonormal 2^-frames in Rn,

Aίn) = jw(ynt28) subspace of >?<n) of "normalized" 2-forms in ft71 of
rank 2s,

fίn): ^n, 2 s -> ^ , n ) : the restriction of fln) to F n , 2 s .
It was proved in [4] that the maps f^n) and ftn) induce the principal Sp(s R)-

and C/(5)-bundles respectively, and that Aln) is a strong deformation retract of

One may, equivalently, define A™ as the space of normalized complex s-
substructures of Rn, i.e., pairs (p,J) where p is a 2^-plane in Rn and J is a
normalized complex structure on p (J e O(p), J2 = —1).

To see the equivalence, let w € y4^n). Then w — y1 Λ y s +i + + ys Λ y2s

for an orthonormal 2^-frame y = (y19 , y2 s). Let p be the 2^-plane spanned
by y. For JC e p, let d .̂: p -^ Λ2p be forming wedge products with x, i.e., ^ ( z )
= x A z, and <^: ί̂2/? —> p be its "adjoint". Define a linear transformation /
on p by J(x) = δx(w), xep. Then/Cy^) = yi+s and/( j ί + s ) = —yi9 1 < / < s.
Thus / e O(p), J2 = — 1 . Conversely, a normalized complex ^-substructure /,

7 e O(p), /2 = — 1 , can be represented by the matrix L ~r\s\ relative to

some orthonormal 2s-frame y = (y19 ,y28) on p. Hence / corresponds to
w = 3Ί Λ J s + i + + ys Λ y2s in ̂ 4<n>.

It follows from either definition that A(

s

n)' = SO(n)/U(s) X S0(w — 2J) for
j < n/2, A?8' = O(2s)/U(s) = Is U Γ9 where /, = SO(2s)/U(s), A^ = Gn,2

= 6n-2(O where Gw>2 is the oriented 2-ρlanes in Rn, and Qn_2(Q is the com-
plex quadric of dimension n — 2. *

The spaces A(

s

n) appear as "fibres" in global obstruction problems involving
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