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Introduction

In this paper we shall examine the properties of a certain class of projection
and Green's operators which are associated with the tangent bundle of a Sobolev
space Hk(X, Y) (defined below) of maps from a manifold X to a manifold Y.
In § 2 we use these results to describe a class of functions on Hk(X, Y) which
satisfy Condition C (in the sense of Palais and Smale). In § 3 we derive an
expression for the riemannian sectional curvature of Hk(X, Y). One might hope
that the property of having a sectional curvature of definite sign would be trans-
ferred from Y to Hk(X, Y). However, this is not the case. We shall construct
examples of spaces Y whose riemannian curvatures are non-negative (zero, non-
positive) such that the riemannian curvatures of Hk(S\ Y) are indefinite. (§ 3
does not depend on the results of § 2, and may be read immediately after § 1.)

1. A. Notation and basic definitions

Hereafter X and Y denote smooth finite dimensional riemannian manifolds,
X compact and without boundary. We shall suppose that Y is isometrically
and smoothly embedded in a euclidean space Rq (which we may always do by
a well-known theorem of Nash).

We recall some basic facts in global analysis: (For general references see
[1], [3], [4] or [5].) Let <(,> denote the standard inner product on Rq, dμ a smooth
measure on X,k a positive integer, and A a strictly positive strongly elliptic
self-adjoint operator (with smooth coefficients) of order 2k on C°°(Z, Rq), say

A = 1 + Δk. Let (u, v)k = I (Au, v}dμ, and let || ||fc denote the correspond-
X

ing norm. Two such operators A give rise to equivalent norms, and Hk(X, Rq)
is defined to be the completion of C°°(X, Rq) with respect to || \\k. For k = 0,
set A — 1. By a theorem of Rellich, for k < /, the natural injection Hι(X, Rq)
—> Hk(X, Rq) is dense and compact. A theorem of Sobolev asserts that the || ||fc
topology is larger than the Cb topology when k > \di(X) + t. Hence when
2k > di(X) the elements of Hk(X, Rq) are continuous maps and one may define
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