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Abstract

Let (M,w) be a compact symplectic 4-manifold with a com-
patible almost complex structure J. The problem of finding a
J-compatible symplectic form with prescribed volume form is an
almost-Kéahler analogue of Yau’s theorem and is connected to a
programme in symplectic topology proposed by Donaldson. We
call the corresponding equation for the symplectic form the Calabi-
Yau equation. Solutions are unique in their cohomology class. It
is shown in this paper that a solution to this equation exists if the
Nijenhuis tensor is small in a certain sense. Without this assump-
tion, it is shown that the problem of existence can be reduced to
obtaining a C° bound on a scalar potential function.

1. Introduction

In 1954 Calabi [Ca] conjectured that any representative of the first
Chern class of a compact Kahler manifold (M, w) can be written as the
Ricci curvature of a Kahler metric w’ cohomologous to w. He showed
that any such metrics are unique. Yau [Ya] famously solved Calabi’s
conjecture around twenty years later. This result, and the immediate
corollary that any Kéhler manifold with ¢; (M) = 0 admits a Ricci-flat
metric, have had many applications in both mathematics and theoretical
physics.

Yau’s theorem is equivalent to finding a K&ahler metric in a given
Kihler class with prescribed volume form. By the 9d-Lemma this
amounts to solving the complex Monge-Ampere equation

(1.1) (w4 V—100¢)" = ef'w",
for smooth real ¢ with w + /—199¢ > 0, where n = dimcM and F is
any smooth function with [;, efw™ = [,, w™. Yau solved this equation

by considering the family of equations obtained by replacing F' by tF'+c;
for some constant ¢, for ¢ € [0, 1] and using the continuity method. This
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