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1. Introduction. In the study of stabiliza-
tion of boundary control systems, most fundamental
is the static feedback control scheme: Based on a fi-
nite number of the observed data (outputs), it is the
scheme to feed them back directly into the system
through the boundary. Let Ω denote a bounded do-
main of Rm with the boundary Γ which consists of
a finite number of smooth components of (m − 1)-
dimension. The control system studied here is the
following initial-boundary value problem:

∂u

∂t
+ Lu = 0 in (0,∞)×Ω,

τu =
N∑

k=1

〈u, wk〉Ω hk on (0,∞)× Γ,(1)

u(0, ·) = u0(·) in Ω.

Here, L denotes a uniformly elliptic differential op-
erator of order 2 in Ω defined by

Lu = −
m∑

i,j=1

∂

∂xi

(
aij(x)

∂u

∂xj

)
+

m∑
i=1

bi(x)
∂u

∂xi
+ c(x)u,

and aij(x) = aji(x) for 1 6 i, j 6 m, x ∈ Ω. The
boundary operator τ associated with L is either τ1
of the Dirichlet type or τ2 of the Robin type:

τ1u = u|Γ ,

τ2u =
∂u

∂ν
+ σ(ξ)u

=
m∑

i,j=1

aij(ξ)νi(ξ)
∂u

∂xj

∣∣∣∣
Γ

+ σ(ξ)u|Γ ,

where (ν1(ξ), . . . , νm(ξ)) denotes the unit outer nor-
mal at ξ ∈ Γ . Necessary regularity on Ω and on Γ

of coefficients of L and τ is assumed tacitly. The in-
ner product and the norm in L2(Ω) are denoted by
〈·, ·〉Ω and ‖ · ‖, respectively. The symbol ‖ · ‖ is also
used for the L(L2(Ω))-norm. In eq. (1), 〈u, wk〉Ω

denote the outputs, where wk ∈ L2(Ω), and hk

the actuators belonging to H3/2(Γ ) in the case of
the Dirichlet boundary condition, or H1/2(Γ ) in the
Robin boundary condition.

Let us define the linear operators Li andMi, i =
1, 2 in L2(Ω) by

Liu = Lu, u ∈ D(Li),

D(Li) = {u ∈ H2(Ω) ; τiu = 0 on Γ}

and

Miu = Lu, u ∈ D(Mi),

D(Mi) =
{
u ∈ H2(Ω) ;

τiu =
N∑

k=1

〈u, wk〉Ω hk on Γ
}
,

respectively. Henceforth L stands for either L1 or L2

when it is distinguished from the context. The same
symbolic convention applies to Mi as well as other
operators. Eq. (1) is then simply rewritten as the
equation in L2(Ω):

du

dt
+Mu = 0, u(0) = u0.(2)

Given a µ > 0, the problem is to find wk’s and
hk’s such that the semigroup exp (−tM) satisfies the
decay estimate

‖e−tM‖ 6 const e−µt, t > 0.(3)

In [4], this estimate was established via the fractional
powers Lω

c , Lc = L + c, c > 0 and the related frac-
tional calculus. In the case of the Robin boundary
condition, for example, we set

x(t) = L−ω
2c u(t),

1
4
< ω <

1
2
,

and, noticing the relation: D(Lω
2c) = H2ω(Ω) for


