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Introduction. Let A=(a,,); ,c; be a real nXn matrix satisfying the
following conditions:

(C1) either a,,=2 or a,,<0;

(C2) @,,<0ifi+j, and a,,¢ Z if a,;=2;

(C3) a,;=0 implies a,,=0.

Such a matrix is called a generalized GCM (=GGCM). And let g(A) be
the generalized Kac-Moody algebra (=GKM algebra), over the complex
number field C, associated to the above GGCM A. Then, we have the
root space decomposition: g(4)=H1D> % ,q,, where § is the Cartan sub-
algebra, and 4 the root system of (g(4),5). Let J be a subset of I"*:=
{iella,,=2}. And put nj:=3 %, Gew U 1= sty Gua Mi=1;OHON],
where 45 :=4N> e, Zogty, 4°(J):=4%\47. In this paper, we study the
homology H,(u-, L(A4)) of u- and the cohomology H'(u*, L(4)) of u* with
coefficients in the irreducible highest weight g(A)-module L(/4) with highest
weight 4€H*. And we prove “Kostant’s homology and cohomology theo-
rem” for symmetrizable GKM algebras associated to GGCMs satisfying
the following condition (C1) instead of (C1) above:

(Cl) either a,,=2 or a,,=0.

This result is a generalization of Kostant’s Theorem for Kac-Moody
algebras, which was proved by J. Lepowsky and H. Garland ([2] and [5]),
or the classical result of B. Kostant himself [4] for finite dimensional
complex semi-simple Lie algebras.

§ 1. Preliminaries for GKM algebras. We prepare some basic re-
sults for GKM algebras which will be needed later. For details, see [1]
and [3]. Let g(4) be the GKM algebra associated to a GGCM A4, with the
Cartan subalgebra Y, simple roots I7={a;},.;, and simple co-roots I7V=
{ai}ic;- From now on, we always assume that the GGCM A=(a,,), ¢, is
symmetrizable, and that J is a subset of I"*={ieI|a;;=2}. We call an
h-module V h-diagonalizable if V admits a weight space decomposition :
V=3 %ew Vi where P(V) is the set of all weights of V.

Definition ([6]). ), is the category of all m-modules whose objects V
satisfy the following :

(1) V isbh-diagonalizable;

(2) the weight space V, is finite dimensional for all e P(V);

(3) there exist a finite number of elements 2, (1<i<s) in H*:=



