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48. On a Regular Function, whose Real Part is
Positive in a Unit Circle.

By Masatsugu TSUJIL,

Mathematical Institute, Tokyo University.
(Comnm. by S. KAKEYA, M.I.A., May, 1945.)

1. Carathéodory’s theory® of positive harmonic functions in a unit circle
atracted interests of many mathematicians® and several proofs were given and
the results were completed and now the main results stand in the following
theorems. In this peper, 1 will give a simple proof, where the proof of Theorem
1(1) is suggested by Szasz’s paper” and the proof of Theorem 1(II) is the same
as Schur’s proof® essentially, but in a modified form.

oo

Teeorem 1. Let f(z)=—;"—+ a2 (ay=1real) be regular in |z|<1.
=1

Then (1)(Carathéodory®-Toeplitz).> R f(2)=0 in|z| <1, when and only

when the Hermitian forms II,.(x):Xa,,_vxvi:'u(a_v;E,)a’ are non-negative for
o

n=0, 1, 2,.... If all H,(x) are non-negative and Hy(z),..., H,_.(2) are

positive definite and H,(x) 8 pusitive semi-definite, then f(z) s of the form:

13
K=Y 2o TEE (1,50, || =1 ewefis), (1)

where k 18 the vank of the infinite Hermitian matriz H:

V=1

Aoy Qgy Agyeee
H= al, ao, a.,... .

Ea, E], Ay .-

1) (L Schur).” 1If we put
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3) In this paper, @ means the conjugate complex of a.



