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§ 5. The completion of the linear ranked space @, (2).

Lemma 20. Let &, be the subset of & consisting of those equiva-
lence classes which contain an R-Cauchy sequence {g,} for which g,=g,
=gs=---.

The mapping T of @ onto @0, which maps g € @ to the class § con-
taining the sequence consisting of a single element g, is bijective and
we have g ¢ V; (0, 7, m) if and only if § ¢ 17} 0, r, m).

Proof. Let g and f be two different elements in @. Then there
exists no class containing two sequences {g,} and { f,,} with g, =g, f,.=1
for every n.

Because if it is not true, {g,} and {f,} are equivalent. And then
there exists a fundamental sequence of neighbourhoods {V,, (0, 7, m,)}
such that g,—f; ¢ V,i 0, r;, m;) for every i, that is, g— f ¢ V,i((), Ty M)
for every 4. This implies g=f by Lemma 8 in [4].

Next, we shall prove that g ¢ V, (0,7, m) implies §e Vi 0, r, m).
Since we have V, (0,1, m)=U, (0, ¢;, m) by the paper [4], we obtain
V. 0,r,m)=U, (0, re;, m). Hence we have

kzllk,ni—b’ﬂi(gi @k,ni)SDk,ni_l H<7’ei,
Then there exists some number 7/, 0 <7’ <7 such that

kz—ll Rlc,ni_l,ni(g’ gok,ni)gok,ni_l H <1"’8¢ <7‘€i°

Consequently we obtain g € V, (0,7’,m). By Definition 5, this shows
GeV,,r,m).
Conversely, if we have ¢ ¢ V. (0,7, m), there exist some number 7/,
0<7'<r and some integer N such that
9.=9¢cV,0,7,m) if n=N.

And then we obtain g € V, (0, r, m).

Theorem 2. The set @, is dense in &.

Proof. Let g be any element in . And let an R-Cauchy sequence
{9.} belong to §. Then there exists a fundamental sequence of neigh-
bourhoods {V,i(O, s, M;)}, such that the relations n=7 and m=< imply

gn—gm € VTi (0, /ri’ mz)
Let ¢, be the class containing the reptitive sequence ¢,, 9., - - -



