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54. Note on Dirichlet Series. XIII. On the Analogy
between Singularities and Order.Directions. II

By Chuji TANAKA
Mathematical Institute, Waseda University, Tokyo

(Comm. by Z. SUETUNA, M.J.A., April 12, 1954)

1 Introduction. Let us put

(1.1) F(s)--Sqa. exp(-2s) (s=a+it, 0<__<.<... <-->+ oo).
In he pevious noe (I), we hsve poved

Theorem I (C. Tanaka). Le (1.1) be uniformly convergen in
the whole plane. If we have

(i) 2, ...)
(ii) lim 1/4 log ..log (cos (.))=0, 0=arg (a.),

then (s)--0 is the order-direction of (1.1).
In this note, we shall generalize it as follows:

Theorem II. Let (1.1) be uniformly convergent in the whole
plane. Then there exists at least one order-direction in $(s) l<--___r$,
provided that

(i) lim 1/4 log ..logl cos () I-0, 0.=arg (a.),

(ii) the sequence [i (a.)} has sign-changes between
(1.3) (a) and (a+) (,=1, 2, ...), where lim.(+-2)

=g0, Hm ,/r= (__<l/g), r=l/2.(++,).
Theorem III. Let (1.1) be uniformly convergent in the whole

plane. Let the subsequence [i.} of {.} be defined as follows"

(i) (a.)__>0, for n {n},
(1.5) (ii) lim 1/. log, R. log (cos ())=0,

n

then in 13(s)1<--__2r$, there exists at least one order-direction of (1.1).
From theorem III follows immediately
Corollary. Let (1.1) with lim (+-):> 0 be simply (necessarily

absolutely) convergent in the whole plane. If we have arg (a)lO<: r/2,
except for [a.} such that limk/,=O, then 3(s)=O is the order-

direction of (1.1).


