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48. On the Definition of the Cross and Whitehead Products
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Department of Mathematics, Tokyo University of Education
(Comm. by K. KUNUGI, M.J.A., April 12, 1961)

1. Introduction. In the preceding paper I, we have described
the definition of the cross and Whitehead products. In this paper we
shall show a few properties of the cross and Whitehead products as
consequences of their definition and prove the existence and unique-
ness of these products.

2. Immediate consequences from the axiom. Consider two maps
Fi1(X, 2)~>(X", o) and g:(Y,y,)>(Y", ¥} and let fxg:(XXY, XvY,
(@0 Yo))>(X' XY, X'VY’, (3, 9:)) be a map defined by (f X 9)(x, ¥)=(f (),
9()).

Proposition 1. For aen, (X, x,), Bern (Y, Y,), we have

(f X g)y(aX f)=Fya X gyB.

This is easily proved and the proof is omitted.

Now let 7: XXY—>Y X X be a map such that =(z, y)= (v, x).

Proposition 2. For acer,(X, x,), Ben. (Y, ¥,), we have
(1) tg(a X B)=(—1)""(BX a).

In order to prove this, we shall need the following lemma, whose
proof will be omitted.

Lemma 3. Let f, g:(X, x,)>(Y, ¥,) be H-homomorphisms between
H-spaces X and Y with units x, ¥y, respectively. An H-homomor-
phism h=f-g:(X, z,)—>(Y, y,) is defined by h(x)=f(x)-9(x), zc X. Then
we have hy(a)=fy(a)+94(a), for acn (X, x,), n>0. If X and Y are
loop spaces, n(X, x,) and =,(Y,y,) may be considered as groups. In
this case the above relation holds also.

Proof of Prop. 2. In cases m=n=0; m=0, n>0; m>0, n=0,
we can show directly by definition that the formula (1) holds. Now
we assume that the formula (1) holds for k<m, l<n. Let 02r:
PXXQY—>QRY XX, 7/: XvY—>YvX and 27 : 2XvY)>2(YvX) be
maps induced by z. Then Qory(aXp)=027%d(a X p)=(27")428(aX p)
=(—=1)""Y(27)304(Ra X 2B)=(—1)""((2") o ) (R X 2B). A map (27')~
¢: QXXQY—>Q(Y v X) is defined by ((27') > ©)(%, ¥)= 0, %)Y, To)(Yo» 77)
(¥, z,). On the other hand, (¢ o (27))(x, ¥)=(¥, Z)Yo, )Y, £.)(Yo, T~1).
Therefore (27')cp=(¢°(27))"!. By Lemma 3, we have ((2<)-¢),
= —(p°(27));. Hence Qory(aX B)=(—1)"(¢o(27)),(Qa X 2B)=(—1)"(¢,°
(22)4)(Qa X 2B)=(—1)*¢,((—1)™ " (QB X Qa))=(—1)""R3(B X ).
Thus we have zy(aXB)=(—1)""fXa.



