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1. Introduction. Let f(¢) be a real measurable function satis-
fying

(1.1) FE+1)=F(0), f F(t)dt=0 and f Ft)dE< + oo,

and {n,} be a lacunary sequence of positive integers, that is,
(1.2) Nyepa/ T, >q> 1.
Then the sequence of functions {f(n,t)}, although themselves not
independent, exibits the properties of independent random variables
(e.f. [8]). In [2] Professor S. Izumi proved that if f(¢) satisfies
certain smoothness conditions, then {f(2*f)} obeys the law of the
iterated logarithm. However if we put f(¢)=cos 2xt+cos 4zt and
=2F—1, then, by the theorem of Erdos and Gal [1], we have,
};—WWZI (nit)=2cosxt, a.e. in t.
This shows that {f(n,t)} does not necessarily obey the law of the
iterated logarithm even if f(¢) is a trigonometric polynomal.
In §§ 24 we shall prove the following
Theorem. Let f(t) and {n,} satisfy (1.1) and (1.2) respectively
and f(t) be afunction of Lip a,0<a<1. Then we have,
}quszf(nkt)<C a.e. in t,
where C is a positive constant depending on f(t) and g in (1.1).
2. Preliminary. From now on let f(¢) and {n,} satisfy the con-
ditions of the theorem. For simplicity of writing we may assume that

f (t)~g ¢, cos 2rkt.

The proof is the same in the general cases as we can see by writing
a, cos 2rkt+b, sin 2xkt=p, cos 2rk(t—&,).
In this paragraph let N be any fixed integer satisfying
(2.1) q¥ >3N*
where 8 is a positive constant such that «S=6.
Let us put, for m=0,1,-

NE N(m+1)
(2.2) g(t)———kf_,‘ ¢, cos 2zkt and U, (t)= > g(nt).
=1 I=Nm+1

Since f(¢t)eLipa and af=6, we have for some constant A4,
(2.3) | f(t)—9(t) | <AN~"*log NXAN °log N, for all ¢,



