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23. A Note on Congruences

By F. M. SiosoN
Ateneo de Manila
(Comm. by Kinjir6 KuNUGI, M.J.A., Feb. 13, 1967)

The object of this note is to give necessary and sufficient
conditions when a collection of disjoint non-empty subsets constitute
equivalence classes of a congruence (relation) of a universal algebra.
This extends previous results by M. Teissier [4] and G. B. Preston
[3].

Let A=(A4, O) be a universal algebra with operations O={o; |7 € I}.
Let X be the semigroup with identity of functions generated under
composition by all unary functions of the forms oz, a, ---, Q1)
oi(am ety A1y Xy By 000, an‘-—-l) (j:]w M) n;——2), and oi(a(n % as‘-—-zy
x) for some ieI and some a,a,, +--,a,_,€A. The class of an
equivalence relation 6 containing the element a will be denoted by
alé.

From [2] recall the following

Proposition 1. A mnecessary and sufficient condition for an
equivalence relation 0 om A in a universal algebra A to be a
congruence is that if (x,y)eb, then (a(x), o(y)) € for all x,yc A,
and o€l

Definition. A subset S=A is intact under an equivalence
relation 8 on A if and only if SxS<é.

Proposition 2. A subset SS A is intact under an equivalence
relation 0 on A if and only if SSa/d for some ac A.

Proof. For self-containment, we shall give a proof. Let S be
intact under ¢ and a€ S so that SxS<d. If xeS, then (z,a)ecd
or zea/f. Thus Sca/f. Conversely, suppose SSa/fd for some
acA. If (x,y)eSxS, so that z,yeS, then z,yea/f or (x,a),
(y,a)e 0. By reflexivity of  then (x, a), (a, ¥) € 8, and hence (x, y) € 8
by transitivity. Therefore SxS<4.

Theorem 3. Let A=(A,0) be a wuniversal algebra. The
minimum congruence under which each member of a collection S
of disjoint non-empty subsets of A is intact is the transitive closure

0s=\ 6 of the relation 0={(x,y)|x,yco(T) for some ccX and

some Te T}, where T=SU{{z}|ze AN US}.
Proof. Observe that the diagonal of A, 4,=26Z65 and 6-'=¢
so that

O5'= (s’gl 0i)~1 - igl @)= .'Ql @)= igl 9'=0s



