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84. Continuity in Mixed Norms

By Mitsuru NAKAI
Mathematical Institute, Nagoya University

(Comm. by Kinjir6 KUNU(]I, M. $. A., May 12, 1969)

1o Consider a normed vector lattice X over the real number field
R with XDR. The norm I]x on X is supposed to satisfy

( 1 ) min (a, x x) <_ (aV x)// x
_<min (fl, Ixllx) (Vx e X, va, Vfl e R, O<_a<_fl).

Take a seminorm Px On X satisfying the following"
( 2 ) px(a)-0 (a e R);
( 3 px(x)-px(xA a) + px(xV a) (x e X, ya e R)
( 4 ) limo,,,.,px((a’Vx)Afl’)--px((aVx)Afl) (x e X, ya, V/ e R).

With the aid o Px we can define a new norm in X"
(5) IIIxlll- Ixll+ p(x).

Let Y, [[ollr, Pr, and [[l o[[[r be as above. Then we can show the
ollowing

Theorem. Suppose that T is an isomorphism of (X, Ilollx) onto
(Y, Ir) as normed vector lattices with T(a)-a(a e R). Then
( 6 3K" K-ipx(x)_py(T(x))_Kpx(x) (x e X)
if and only if
( 7 K" K-[[[x[[Ix_lllT(x)lll<_K IIxlllx (x e X).

Proof. Since I]T(x)llr-]lX]x, (6) clearly implies (7). To show
the reversed implication let A--{x e X x_O, {lxllx_l}. Then rom (7)
it ollows that
( 8 3K" py(T(x))_K(l+ px(x)) (x e A).
Fix an arbitrary x e A and define

x--n Vx /h (i=1,2, ...,n).
n n n

By (1), x e A (i-1, 2, ..., n). Since T is an isomorphism of vector
lattices with T(a)-a(a e R),

In view o (2), we see that

px(x) npx ( ( i--1 V x) A i i--1 T(x)) A )n -), p.(T(x))--np.(( n
V

Repeated use of (3) yields

1 n - p(T(x))--, p V T(x) /


