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19. The Imp!icational Fragment o R,mingle

By Saburo TAMURA
Department ot Mathematics, Yamaguchi University

(Comm. by Kinjir5 KUNUGI, M. ;r. )., Jan. 12, 1971)

The relevant logic R was first defined in Belnap [1] though the
implicational ragment o R which we refer to as RI in this note goes
back to Church’s weak implication [2]. Kripke [3] constructed
"Sequenzen-kalktil" equivalent to RI. Anderson and Belnap [4] and
the author [5] gave systems of the natural deduction equivalent to RI.
By adding a mingle axiom a(cra) to R, we get a system R-mingle
RM (defined by Meyer and Dunn [6]). Here the mingle axiom has the
effect of Gentzen type "mingle" rule introduced by Ohnishi and
Matsumoto [7].

In this note we shall give a system of the natural deduction
equivalent to RMI, that is, the implicational fragment of RM. And
then we shall show that the cut elimination theorem holds in Sequenzen-
kalktil equivalent to RMI. Finally we shall give the decision procedure
or RMI.

(A) The calculus RMI.
(Aa) Axioms.

Let er, , be arbitrary formulae.
(Aal) ((a ) ) .
(Aa2) ( ) (( ) (er y)).
(Aa3) (())().
(Aa4) a((ar)).
(Aa5) (a).
(Ab) Provability.
(Abl)-(Ab5) Each of the axioms, (Aal)-(Aa5), is provable in RMI.
(Ab6) If a and a fl are provable in RMI, then fl is provable in RMI.

This rule is called modus ponens (MP).
We shall abbreviate the statement " is provable (in RMI)" to

"(RMI)a".
(Ac) Derived rules and theorems.

Let A($) denote the formula (,.. (c )...), where
means the ormula $. Let B() denote fl(... (fl)...), where
B0() means $.
(Ael) -q.

(Ae2) If -afl and fl,, then -q,.
(Ae3) If -a and -y((a)), then -y8.


