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Approximate Solutions for Some Non.linear
Volterra Integral Equations

By Shin-ichi NAKAGIRI and Haruo MURAKAMI
Department of Applied Mathematics, Ko.be University

(Comm. by Kinjir6 KUNUGI, M. 1. A., March 12, 1974)

In this short note we give generalized e-approximate solutions
x(t , ,) of the following non-linear integral equations of Volterra-type

(P) x(t) f(t) + s, x(s))ds.

Under very general assumptions on f(t) and g(t, s, x) similar to the
Carathodory-type, R. K. Miller and G. R. Sell [1] proved the local ex-
istence theorem by applying the fixed point theorem of Schauder-
Tychonoff We shall prove that their assumptions in [1] assure the
existence of generalized -approximate solutions x(t;,D of (P) and
give some interesting properties of x(t;, ) which will play an essen-
tial role in our sequel paper [3]. As an easy application of our results,
we can show another existence proof of a solution of (P).

Let ix} denote the Euclidean norm of a vector x of R. For each
interval I containing O and each subset K of R, we define a space
C(I; tc) by the set of all continuous functions with domain I and range
in K with the compact-open topology. Then C[O,]-C([O, cr];R) is
the Banach space of continuous functions on [0, a] with the norm of
uniform convergence. We note that the space C[0, )-C([0, );R) is
not a Banach space but a Frchet space. Denote by _1[0, a] the
Banach space consisting of all Lebesgue measurable functions x’[0,

---+R with finite norm .[1 x(t) dt C.

We assume the ollowing hypotheses which are somewhat weaker
than those in [1].

(H1) The 2unction f is defined and continuous 2or all t in R/

{t e R" t >= 0} with values in R.
(H2) Let g(t, s, x) be a function defined on R/ R/ R with val-

ues in R such that
(i) or each fixed (t, x) e R/ R, g(t, s, x) is Lebesgue measurable

in s and g(t, s, x)-O for s t, and
(ii) or each fixed (t, s) e R/ R/ such that s<= t, g(t, s, x) is con-

tinuous in x.
(H3) For each real number l 0 and each compact subset K o R,

there exists a function re(t, .) e _[0, t] for each t e [0, l] such that


