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62. A Remark on a Theorem o Copeland.ErdJs

By Iekata SHIOKAWA
Tokyo University of Education

(Comm. by KSsaku YOSIDA, M. J. A., April 18, 1974)

Let g_>2 be a fixed integer. An infinite sequence aa.., of non-
negative integers not greater than g--1 is said to be normal to base g,
if for every positive integer and every sequence B--bibs.... b of digits
0, 1, ., g-- 1, of length we have

lim 1Nn(B)
where Nn(B) is the number of indices i, 1 <iKn, for which aa,+. .a+_
--bb... bz. Any positive integer n can be expressed uniquely in the
form

n-- Y], ag-i=l

where each a,--a(n) is one of 0, 1, ..., g--1, and k= k(n) is the integer
such that g-_Kn g, and we shall denote the sequence aa. .a() by
B(n). An increasing sequence {m, m, ...} of positive integers is said
to be normal to base g, if the sequence of digits B(m)B(m)... is normal
to base g. In 1946 Copeland-ErdSs [1] proved that any increasing
sequence {m, m., } of positive integers such that for every 01 the
number of mj’s up to x exceeds x provided x is sufficiently large, is
normal to any base. This theorem implies the normality (to any base)
of the sequence of prime numbers, and this is the only known proof of
this fact. In this paper we shall make a remark that the theorem of
Copeland-ErdSs is, in some sense, the best possible. Indeed we shall
prove the following

Theorem. For any fixed integer g >_ 2 and any fixed positive num-
ber OK 1 we can construct a non-normal (to base g), increasing sequence

of positive integers such that
x 1 gx

mj

for all sufficiently large x.
To prove the theorem we need the following lemma.
Lemma. Let b be any one of O, 1, ., g--l, and let eK1/3 be any

fixed positive number. Denote by T(b k,) the number of sequences

B--bb....b of O’s,l’s, ...,g--l’s of length k such that N(b,B)
(g-l+e)k, where N(b,B) be the number of b’s contained in the
sequence B. Then we have

T(b k, ) g exp (-- 16ge2k)


