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On Some Noncoercive Boundary Value
Problems or the Laplacian

By Kazuaki TAIR,
Department of Mathematics, Tokyo Institute of Technology

(Comm. by K6saku YOSIDA, M. J. A., March 12, 1975)

1. Introduction. Let/2 be a bounded domain in R with bound-
ary/ of class C. D-/2 U 2" is a C-manifold with boundary. Let a,
b and c be real valued C-funetions on F, let be the unit exterior
normal to 2" and let a and fl be real C-veetor fields on /.

We shall consider the ollowing boundary value problem" For
given unetions f defined on/2 and defined on/ find u in/2 such that

(2--A)u f in
(*) I u=_a + + + (b + on

Here 0 and A-3/3x[/3/3x/... /3/3x. The problem (,) in the
case that/(x)0 on/’, i.e., the oblique derivative problem was investi-
gated by many authors (cf. [2], [6], [7], [8]), but the problem (,) in the
case that fl(x)0 on F was treated by a few authors, e.g., Valnberg
and Gruin [12] (see also [5]), whose results we shall first describe
briefly. For each real s, we shall denote by H’(t2) (resp. H’(F))the
Sobolev space on/2 (resp. F) of order s and by II, (resp. I[,) its norm.

If a(x) > Ifl(x)] on/ where ]fl(x)] is the length of the tangent vector
/(x), then the problem (,) is coercive and the following results are valid
for all s3/2 (cf. [9])"

i) For every solution u eHt([2) of (,) with f e H’-(t2) and
e H-/(F) we have u e H(9) and an a priori estimate"

where t <. s and C>0 is a constant depending only on 2, s and t.
ii) If f e H*-(2), e H-/(F) and (f, ) is orthogonal to some

finite dimensional subspace of C())C(F), then there is a solution
u e H’()) of (,).

iii) If 0 is sufficiently large, then we can omit Ilu [[, in the right
hand side of (1)and for every f e H*-(/2) and every e H*-/(F) there
is a unique solution u e H(/2) of (,).

If a(x)>lfl(x)] on/’ and a(x)=lfl(x)l holds at some points of/’, then
the problem (,) is noncoercive. Valnberg and Gruin [12] treated the
problem (,) in the case that n=2, a(x)l, a(x)=0, [fl(x)[-_-I on F.
Under the assumption that b(x)+ic(x)O on/’, they proved smooth-
ness, an a priori estimate and existence theorems for the solutions of


