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1. In$’oduction. One of the fundamental theorems in the theory
of the integral is that of Radon-Nikodym concerning the countably ad-
ditive set functions. The proof given below ( 2) of this theorem will
be shorter than the standard one in S. Saks’ book or the one recently
published by C. Carath6odory". Our proof is carried out by a maximal
method, by making use of a lemma which is a simple modification of
H. Hahn’s decomposition theorem". The same method is also applied
( 3 and 4) to give lattice-theoretic formulations of Radon-Nikodym’s
theorem. Of these ten years, such formulations were given more or
less explicitly by many authors, F. Riesz, H. Freudenthal, Garrett
Birkhoff, S. Kakutani, F. Maeda and S. Bochner-S. R. Phillips’. Our
maximal method also makes use of the ideas of Riesz and Freudenthal,
but it seems to be more direct than those of the cited authors. Thus,
without appealing to Freudenthal’s spectral theorem, we may obtain
Kakutani’s lattice-theoretic characterisation of the Banach space (L)
from our result in 3. Moreover the result in 4 will give a simpli-
fied proof and extension of Freudenthal’s spectral theorem.

2. The concrete case. A class of sets in a space X is called
countably additive if (i) the empty set belongs to , (ii)with E its

complement CE also belongs to and (iii) the sum /E, of sequence

{E,} of sets e belongs to . A real-valued finite function F(E) de-

fined on is called countably additive if F(/E)=F(E) for any
=1 n--1

sequence {E} of mutually disjoint sets e .. Let (E)be a neasure on
X, that is, (E) be countably additive and non-negative on X. With-
out losing generality we assume that any subset of a set e of -measure zero also belongs to . A countably additive set function
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