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24. Some Metrical Theorems on a Set of Points.

By Masatsugu TsuslL
Mathematical Institute, Tokyo Imperial University.
(Comm. by T. YosiE, MI.A., March 12, 1943.)

In this note we will prove some theorems on measurable sets of
points.

Theorem I. Let E be a measurable set in an n-dimensional space.
We translate E by a vector t and E+t be the translated set. Then

lim mE (E+t)=mE . 1
Iel>0

W.H. Young® proved the case n=1.

Proof. We prove the case n=2; the other case can be proved
similarly. Let E be a measurable set on the xy-plane and ¢(x,y) be
its characteristic function, then ¢(x—#h, y—k) is the characteristic func-
tion of _E_'-_l—_t,_ where (k, k) are the components of r, so that t=(h, k),
|t |=v B+ E

(i) First we assume mE << . Then

mE= Lo j_w“’("”’ y)dzdy = Lo j:nsoz(x, y)dzdy ,
mEE+0)=(__|" olo, vypc—h,y—k)dady,
so that

|mE(E+x)—mE|= l S:o siw“’(”’ v) (ple—h, y—h) — oz, ) dedy 1§

j:. f:.,l plz—h, y—k)—¢lx, y) | dzdy .
Since by Lebesgue’s theorem?,

igljgwj_ijl pla—h, y—k)—¢(x, y) | dedy=0,
we have nlrir!—?o mE(E+x)=mkE.

(ii) If mE=o, let E, be a bounded sub-set of E, such that
N<mE;< . Then by (i), for any , such that |t|<p mE(E+1)=>
%Eagg , 5o that mE(E+r)ng1(E1+r)g-2’—. Since N can be
taken arbitrarily large, we have llrlll-l)lo E(E+r)=, qg.e.d.

Theorem II. Let E; and E, be measurable sets in an n-dimensional
space and one of mE,, mE, be finite. Then

Iljlt-g) mEl(E2+ I') = ME] . Ez) . (2)
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