
No. 4] Proc. Japan Acad., 73, Set. A (1997) 49

Periodic Solutions of the Heat Convection Equations in Exterior Domains

By Kazuo EDA
Faculty of Science, Japan Women’s University

(Communicated by Kiyosi IT0, M. j. A., April 14, 1997)

1. Introduction. Let ,.Q- K 1 where
K is a compact set whose boundary K is of
class C. We put
and 2- f) (0, co). Then we consider the
periodic problem for the heat convection equation
(HCE):

u + (u’V)u Vp) /p + {1 a(O--
Oo) } g + vAu in

(1)
div u 0 in

0 -- (U" [7) 0 If,A 0 in

(2) u(x, t)[e O, O(x, t)[e Z (x, t) (> 0),
lim u(x) 0, lira O(x) O, for t> 0,

(3) u(’, T) u(., 0), 0(’, T) 0(’, 0).
Here u u(x) is the velocity vector, p p(x) is
the pressure and 0 0(x) is the temperature; v,
:, o, p and g g(x)are the kinematic viscos-
ity, the thermal conductivity, the coefficient of
volume expansion, the density at 0 O and the
gravitational vector, respectively. As for the ex-
terior problem of (HCE), Hishida [2] showed the
global existence of the strong solution for the ini-
tial value problem (IVP) in the case that K is a

ball. Recently, eda-Matsuda [7] showed the ex-
istence and uniqueness of weak solutions of (IVP)
when K is a compact set with the boundary of
class C. Moreover, eda [10] obtained the sta-
tionary weak solutions for the similar exterior
domain to that of [7]. In [7] and [10], we used "the
extending domain method" to get weak solutions.
Namely, it is expected that the exterior domain
can be approximated by interior domains Qn
B, f (Bn is a ball with radius n and center at
O) as n -- c (see Ladyzhenskaya [3]). The pur-
pose of the present paper is to show the exist-
ence of periodic weak solutions of (HCE) by using
"the extending domain method".

2. Preliminaries. We make several assump-
tions: (A1)coo int K (coo being a neighbourhood
of the origine O) and K B B(O, d)" where
B is a ball with radius d and center at O. (A2)
/2 F OK C. (A3)g(x) is a bounded and
continuous vector function in RaN o)o. Moreover

there exist Ro > 0, CRo > 0 such that gl

Czeo/I x -} +s
for zl -> Ro (s > 0 is arbitrary).

(A4) Z C2(F x [0, oo)) and is periodic with
respect to t with period T.

Remark 1. Thanks to (A3), we see g
6

L (X2) for p >-- -.
We prepare a lemma which gives us an auxiliary

function (see [1] p. 131 and [11] p.175):
Lemma 2.1. There is a function O(x, t)

which possesses the following properties (i) (iv):
(i) - Z on [’. (ii) O(x, t) Cg(Rax) for any fix-
ed t and O, O are continuous for t [0, T]. (iii)
0 is periodic in t with period T. (iv) For any
s 0 and p 1, we can retake O, if necessary,
such that SUpIO, TI]I (t)I1 S.

Now we make a change of variable" 0 0 +
0, and after changing of variable, we use the
same letter 0. Equations (1), (2), and (3) are
transformed to the following:

u + (u’g)u- (Vp)/p- aOg + vAu
+ {1 a(0-- Oo)}g in ,

(4) div u 0 in ,
0 + (u.V) O= AO-- (u’V)O-- O,

+ A0 in ,
(5) u[?= 0, 0[?= 0, lim u(x) O,

lim O(x) O,

(6) u(., T) u(., 0), 0(., T) 0(., 0).
We put G Q or n, ’ G x [0, T] and

G U F’= (G tO F) x [0, T]. Then we write

W’’(G) (u;D"uff(G),[a[<_k}, Wo’’(G)
the completion of C2(G) in W’(G),

Do(G) ( C(G)’div 0}, D(G)

C(G F). (F) 0},
H(G) (resp. H2(G)) the completion of D,,(G)
in L (G) (resp. W ’z (G)),
Ho (Qn) the completion of D([2n) in W’ (.On)
(it turns out Ho (2) W’2 (,Q,,)),
V(resp. W) the completion of De(Q) (resp.
D()) in [[" [[N<), where u [IN()--[[ 7U [IL2(D),
/)o(() ((p Co ((’); div q 0}, /(() (


