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1. Introduction. Let 2 = K° < R’ where
K is a compact set whose boundary 0K is of
class C% We put 02 =I'= oK, I'=T x (0, )
and £ = 2 X (0, ©). Then we consider the
periodic problem for the heat convection equation
(HCE):
u,+ uVyu=—(Vp)/p+ {1 —a(d—

) O)}g + vdu in @2,
divu =0 in Sg,
0, + (uV)6= kA6 in 9,

Q) ulx, d|F=0, 0, t) = x, H (>0),
lim #(x) =0, lim 6(x) =0, for t > 0,

|Z|—00 |z |—00
(3) u(C, T)=u(,0),6,T)=206(,0.
Here u = u(x) is the velocity vector, p = p(x) is
the pressure and 6 = 6(x) is the temperature; v,
k, o, 0o and g = g(x) are the kinematic viscos-
ity, the thermal conductivity, the coefficient of
volume expansion, the density at § = ©, and the
gravitational vector, respectively. As for the ex-
terior problem of (HCE), Hishida [2] showed the
global existence of the strong solution for the ini-
tial value problem (IVP) in the case that K is a
ball. Recently, Oeda-Matsuda [7] showed the ex-
istence and uniqueness of weak solutions of (IVP)
when K is a compact set with the boundary of
class C® Moreover, Oeda [10] obtained the sta-
tionary weak solutions for the similar exterior
domain to that of [7]. In [7] and [10], we used “the
extending domain method” to get weak solutions.
Namely, it is expected that the exterior domain £
can be approximated by interior domains £, =
B, N Q (B, is a ball with radius # and center at
0) as n— o (see Ladyzhenskaya [3]). The pur-
pose of the present paper is to show the exist-
ence of periodic weak solutions of (HCE) by using
“the extending domain method”.

2. Preliminaries. We make several assump-
tions: (Al) w, < int K (w, being a neighbourhood
of the origine O) and K € B = B(0, d),; where
B is a ball with radius d and center at O. (A2)
0Q =TI = 0K € C’. (A3) g(x) is a bounded and
continuous vector function in R3\w0. Moreover

there exist R, > 0, Cg > 0 such that lg| <

CR0/| x |% "¢ for | x| = R, (¢ > 0 is arbitrary).
(Ad) x € C*(I' X [0, ©)) and is periodic with
respect to ¢ with period T.

Remark 1. Thanks to (A3), we see g€

L*(Q) for p = %

We prepare a lemma which gives us an auxiliary
function (see [1] p. 131 and [11] p.175):

Lemma 2.1. There is a function 6(x, t)
which possesses the following properties (i) — (iv):
() 8= x on I (ii) 6(x, ) € CX(RD) for any fix-
ed t and 0, 0, are continuous for t € [0, T1. (iii)
6 is periodic in t with period T. (iv) For any
e>0 and p > 1, we can retake 0, if necessary,
such that sup,cg,pll 0 Il < e.

Now we make a change of variable: = b+
5, and after changing of variable, we use the
same letter 6. Equations (1), (2), and (3) are
transformed to the following:

u, + (u-V)u= — (Vp) /o — abg + vAu
+{1—a@—06)lg in L2,
(4) divu =0 in 2,
6, + (uV)0=rd6— (uV)6— 6,
+ k46 in Q,
5)  ulp=0,6|r=0, 1lilm u(x) =0,
lim 6(x) = 0,

|x| =00

6) u(C, T)=u(,O0), 6(, T) = 6(, 0).
We put G = Qor 2,, G = G x [0, T] and
GUT'=(GUTI) X [0, T]. Then we write

W (G) = {u; D*u € L’(G), |a| <k}, W,"(G)
= the completion of Cq(G) in W*?(G),
D,(®) ={p € C,(®);dive =0}, DG ={¢

€ Co,(GUTI); ¢(I') =0},

H,(G) (resp. H,(G)) = the completion of D,(G)
in L*(G) (resp. W"*(G)),

H,(2,) = the completion of D(R,) in W"*(R,)
(it turns out H, (2,) = W,*(2,),

V(resp. W) = the completion of D,(2) (resp.
Q(Qz) in “ ‘ ”N(g)- Wflel‘e Il u “N(Q) = ” V?f "1:.2(9)‘
D,(G) = {p € C,(G);dive =0}, DG = {¢



