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§0. Introduction. In a recent interesting
paper [1] L.C. Evans and S. Miiller established
the estimate of local Hardy space norm of gra-
dients ¢, ¢z,
©0.1) [ ¢@ads, I + 1 @2 — @2

< C(" ¢x1 ”12.2(3(0,R>> + H bez “i"’(B(O,R)))

provided that
(0.2) — Ap = w = 0in R”.

Here ¢ is in Cy (R? and the constants C
and R depends only on ¢;h1 is a local Hardy
space defined in §1 and B(x, R) denotes the
closed ball of radius R centered at x € R
(Another proof based on harmonic analysis is
given by Semmes [2].)

This estimate is useful in proving the exist-
ence of weak solutions for the initial value prob-
lem of the two-dimensional Euler equation when
the vorticity of the initial value is nonnegative
measure ([1] and Delort [3]). The assumption w 2
0 in (0.2) is essential for the estimate (0.1); in
fact, Evans and Miiller [1] gave a counterexample
for (0.1) when the condition w = 0 is violated.
However, in their example the set where w is
nonnegative may be complicated.

In this paper we give another counterexam-
ple for (0.1) even when w is odd in the second
variable z, ie. w(x, x,) = — w(x,, — x,) and
w(x,, x,) 2 0 for x, = 0. This suggests that it is
difficult to extend weak solutions for the
initial-boundary value problem of the Euler
equation when the domain is a half space Ri
even if initial value is nonnegative in Ri.

To get our counterexample we construct a
sequence ¢° of form ¢°(x) = ¢(x/e). A key
observation is the existence of function ¢ that
satisfies

L2¢2ldx¢Lz¢izdx
with — A¢ = w, where w € Cy (R?) is odd in
the second variable x, and w 2 0 in Ri, and
¢ € H'(R» ; H'(R® denotes the Sobolev space,

ie. the space of f€ L*(R® with fop S, €
L*(R?.

§1. Definition and main theorem. We be-
gin with definition of local Hardy space as in [1].

Definition 1.1. Let 7 be in C, (R") with
suppny € B(0,1) and j;nndx= 1. For a func-
tion f in L},,(R™), £ ** is defined by
(1.1) f* () = sup r_"f n (x . y)f(y)dy‘.

0<r<1 R”

The local Hardy space %}oc is defined by
(1.2) #,, (R ={feL, R f* L, (R"}.

We recall the normed local Hardy space n'
defined by
(1.3) K®R)={fe L'®R"|f*™ e L'R")}
with the norm

[ f”hl(m) = "f** ”L‘(R”)'

Definition 1.2. For a function f in Cy (R?),

we define the operator (— 4)™ by

- 1
(14) (=07 /@ =5 [ f@loglz—yldy.

Theorem 1.3. Let T and S be the spaces of
form
T=A{we< C:(Rz) | w(x,, x,) = 0 for
2,20, 0, ) = — oz, —x,)},
S={(-d"'wlweD.
Then there exists a sequence {¢}yccc; in S
such that

sup || ¢° Iy g2y <
0<e<l1

and

(1.5) 11?3 loC@3)* — (9203 s =

where ¢ € C:(Rz), 0=¢=1,9 |B(0,1/8) =
1 and suppp < B(0,1/2).

§2. Proof of theorem. At first, we show a
fundamental estimate in normed local Hardy
space; this is an extension of a result to Evans
and Miller [1].

Lemma 2.1. Assume that f is in L'(R"),

and j;”f(x)dx =C,#0. Let f*(x) = %f(%)



