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§1. Summary. The Toda equation with two time variables

A XYlogt=titi/ti  (X=2,Y=0 t.—t.v)
ox oy

can be solved using solutions of the Euler-Poisson-Darboux equations
{1n
a.2) XY+ (a+p—1-2n)p ' X —(n—a)n— B¢ u,=0,
where p=x—y. Rational solutions, Gauss hypergeometric function
solutions and solutions which can be expressed by hypergeometric
functions with two variables (Appell hypergeometric functions F, F,
and F, are included) are obtained. XK. Okamoto ([2]) also found these
hypergeometric solutions.

§2. Backlund transformation. When ¢, satisfies (1.1)

2.1) r,=XY logt,, s,=Ylogt, ,/t,
satisfies

(2.2) Yr,=7,(8,—8,.1), X8y =Ty 1= T,
Eliminating s, we have

2.3) XY logr,=7,.1—2r, 47, ..

This form of the Toda equation was found by G. Darboux ([1]). As
was shown in our previous work ([3])
2.4 t,=Fn)p’™,
where f(n)=m—a)(n—p), « and B are arbitrary constants,
Fn+1F(n—1)/F(n)y= — f(n), F(0)=FQ1)=1,
satisfies the Toda equation (1.1). Corresponding
(2.5) r,=—f(m)p~? s,=(a+p+1—2n)p"
satisfies the Toda equation (2.2). This simple important solution r,
was first found by G. Darboux ([1]). For these special solutions we
put
2.6) M,=XY+4(a+p—1-2n)¢p ' X—n—a)n—p¢p?
X,=((n—a)n—p)'¢'X, Y, =Y+ (a+p—1—-2n)p7".
Define
@7 T={u,; Mu,=0, u,,,=Y u, =0, u,_,=X,u, (m<0)}.
Theorem 2.1 (Bicklund transformation). If u,c T then we have
Mu,=0, u, =Y u, u,.,=X,u, =0,+1,+2,---) and r,=u,t,



