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29. Functional Equations and Hypoellipticity

By Akira TsuTsuMIi*) and Shigeru HARUKI**)

(Communicated by Kosaku Yo0sipa, M. J. A., March 12, 1982)

1. In this note we investigate the problem whether all the con-
tinuous or all the locally integrable solutions of certain functional
equations are C~ or not. An affirmative answer to this problem under
weak regularity assumptions on the equations enables one to make
easier to find all the continuous or sometimes all the locally integrable
solutions of the equations. Because we can use a powerful means-
differentiation (see [1], [2]). The aim of this note is to give a general
method for this problem. We consider the functional equation of the
unknown f(x):

(1.1) 2 ay(x, ) f(hy(, D)=F(x, f((2), - - -, fI(x)))+b(x, t)
where z € R™ and ¢ € R", with the assumptions followed.

(A1) afz,t), b(x,t) e C>(R") for every fixed t from an open set
wCR", j=1, ---, k,

(A.Z) a’j(w, 1), b(x’ t) € Cm(Ran)’ j=1’ ) k,

(A.3) the mappings x—y=~h/(z,t) are diffeomorphisms in R" for
every fixed tew, j=1, -- -, k,

(A.4) hyx,t)e C(R"Xw) and its inverse h;'e C™, j=1, ---, k,

(A.5) F(a,z, ---,2,) e CER"™),

(A.6) l(x)eCR™,j=1, - --,s.

A locally integrable function f(x), « ¢ R*, is said to be a solution of
(1.1) in the sense of distribution (or a distribution solution) if

2 [ e 050y, @)

= Im F(x, f((x), - - -, fAL))(x)dx+ jm b(z, t)gp(x)dx

for each ¢ € 9 and every fixed t e . We can write it briefly
(1.3) o (g, D f(hy, 1), ¢(2)),

=(F(.’B, f(ll(x)’ ] f(ls(x))’ ¢(x))$+(b(x, t)’ ¢(x))x-
Let be

ax=<ir""i>’ at':(—a““,"" 9 )’ a=(ay, « -, @)
axl axn atl at,

(2 ) w) ()
ox, o, at, ot,
Di=(—i)2s,
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