No. 4] Proc. Japan Acad., 56, Ser. A (1980) 137

33. Ultradifferentiability of Solutions of Ordinary
Differential Equations

By Hikosaburo KOMATSU
Department of Mathematics, University of Tokyo

(Communicated by Kosaku Yosipa, M. J. A., April 12, 1980)

Let M,, p=0,1,2, - .-, be a sequence of positive numbers. An in-
finitely differentiable function f on an open set 2 in R” is said to be an
ultradiff erentiable function of class {M,} (resp. of class (M,)) if for
each compact set K in £ there are constants % and C (resp. and for
each 2>0 there is a constant C) such that

sgII{)|D“f(x)|§Ch'“'M,al, la|=0,1,2, ---.

We assume that M, satisfies the following conditions:

(1) M,=M,=1;

(2) M, /gD P <(M,/p V>,  2=q=<p,

and furthermore in case of class (M)
() v

@ () =eslless) e

and

(4) M,/(®M,_)—co  as p—oo.

We consider the initial value problem of ordinary differential
equation

dx _
(5) {m‘_f(t’ x),

z(0) =y,

where f(t,x2)=(f,, --+,f,) is an n-tuple of functions defined on
(=T, T)x 9 with a T>0 and an open set 2 in R". We assume the
Lipschitz condition in . Then for each relatively compact open sub-
set 9, of 2 thereis a 0<T,<T such that (5) has for each ¥ € 2, a unique
solution x=x(t, ) on the interval (—T,, T,).

Our main result is the following

Theorem. If all components of f(t,x) are ultradifferentiable
functions of class {M,} (resp. of class (M,)) on (—T,T)XQ2, then the
components of the solution x(t, y) are also ultradiff erentiable functions
of class {M,} (resp. of class (M,)) on (—T,, T)X R2,.

Hereafter we denote by * either {M,} or (M,). The theorem is
proved in two steps.

Proposition 1. If f(i, x) s ultradifferentiable of class x only in
x but uniformly in t, then x(t,y) is ultradifferentiable of class x in y
uniformly in t.



