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Density Matrix of Impenetrable Bose Gas

By Michio JIMBO, Tetsuji MwA, Yasuko MORI,*) and Mikio SATO
Research Institute for Mathematical Sciences, Kyot.o University

(Communicated by KSsaku YOSIDA, M. J. A., Nov. 12, 1979)

In this article we report the ollowing result concerning system
of impenetrable bosons in one dimension at zero temperature: The
one particle reduced density matrix p(x) satisfies a non-linear differ-
ential equation, an equivalent o a Painlev equation oi the fith kind.
This enables us to calculate the small and large x behaviors of p(x) to
an arbitrary order.

For the statement of the problem see [1] and references cited
therein. As mentioned in [2], our calculation is done by relating the
problem to the preceding result obtai,ned there concerning the double
scaling limit of the XY model.

Main results are summarized in 1. Their derivation is briefly
described in 2-3.

1. Results. Let p([x--x’ ]) denote the thermodynamic limit o the
one particle reduced density matrix with p0 p(0) normalized to be =-
(for the definition see [1]). It is known ([3]) that p(x) is an entire unc-
tion of x.

We find that p(x) is expressed as
x, (( +(1) p(x)=po exp

3o dx’[4y(L +
with y=y(x’),

where y=y(x) is a solution o the ollowing Painlev equation of the
fifth kind:

(2)
dx -( 1.+ y_ll )( dy ) xl dxdY + (y-1)(y+x)

+ + y(y+ 1)
x y--1

with a=, fl=- ’=--2i, =2.-5’2

If we set

( 3 ) a(x)= xd log p(x),
dx

then a=a(x) itself satisfies the non-linear ordinary differential equation
*) On leave from Ryukyu University.


