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23. Divergent Integrals as Viewed from the Theory
of Functional Analysis. 1

By Tadashige ISHIHARA
(Comm. by K. KUNUGI, M.J.A., Feb. 12, 1957)

§ 1. Introduction. Let the complex valued function f(z,1) be
defined for a real number A, (¢ <2<b) and for a complex number
z on a domain D and also on another domain D,. We assume that the

]
integral f f(4,2)da converges for zeD and diverges for zeD,. We

a
denote the convergent integral for ze D by f(z).

Now in many branches of analysis, it is often necessary or con-
venient to use a function f*(z) on ze D, which in some senses cor-
responds to f(2) on zeD. For example, (i) when f(2) is analytic
on D, the analytic extension in D, of f(z) may be taken as f*(z),
(ii) when f(z,%) is a solution for ze D of some differential or integral
equations which contain z as a parameter, the solution for ze D, may
be taken as f*(z). To derive the functions f*(z) in such cases, we
have many classical methods: changings of the contour of integral,
or various methods of summation, or other limiting processes.

In this and the following papers we always view such divergent
integrals from the theory of functional analysis. We construct a
functional space @ whose elements for example are the functions
@(a,7) defined on D, or on both D and D, having suitable properties
there (here ¢ and + are respectively the real part and the imaginary
part of z).

Now the mapping 21— f(2,2) defines a mapping from a<2<b
to @, where @ is a dual space of &. We regard the divergent

b
integral f S, 2)da for zeD, as the integral in @'. If it converges

weakly or strongly we can examine whether the functional f*(z)
defines a function or not and we can investigate its properties also.

We consider particularly about the following type of divergent
integrals (1), though, of course, the similar method will be able to be
adopted for other sorts of kernels, dimensions of A1 or intervals of
the integration by selecting suitable functional spaces @.

This type of integrals relates to some of the most important parts
of classical analysis, i.e. the Laplace transform, the power series de-
velopment, the analytic continuation, some sorts of approximations,
and some differential or integral equations (see §2).

In this paper we show some sufficient conditions for these kernels,



