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45. Some Examples of (F) and (DF) Spaces

By Ichiro AMEMIYA
(Comm. by K. KUNUGI, M.J.A., April 12, 1957)

In this paper we answer to the questions of A. Grothendieck [1]
(question 1, 4, and 5 partly) giving some negative examples.

We say that an (F) space E has the stability of the boundedness,
if for every bounded set B of E and every dense subspace E, of E,
there exists a bounded set A of E, such that the closure of A in-
cludes B.

We show in §1 that there exists an (F') space which has not the
stability of the boundedness. In §2, we give an example of reflexive
(F) space in whose dual there exists a bounded set on which the strong
topology is not metrizable. In §3, an example of bornologic (DF)
space whose bidual is not bornologic is given.

§1. Let E be an (F) space, F' a Banach space, and u a linear
operator defined on a dense subspace E, of E into F, such that (1)
u(F,) is dense in F, (2) u~*(0) is dense in K, and (8) for any bounded
set B of E, the closure of «#(B) is not a neighbourhood of 0 in F.
Then the graph of u, G={(x, u(x)); xc E,}, in EXF is a dense subspace
of EXF, and the closure of any bounded set 4 of G does not include
the unit sphere U of F' considered as a subspace of EX F. In fact,
we have AC BXu(B) for the image B of A by the projection of
EXF to E, while the closure of BXu(B) does not include U by the
condition (3).

Thus EX F has not the stability of the boundedness, so we have
only to give an example of such E, F' and u.

Let S be a non-normable (F) space and B, (1€ A) a basis of bounded
sets of S. Then we can find, for every i€ A, a non-continuous linear
functional ¢, =30 on S such that ¢,(x)=0 for every x¢B,. Let E be
(A, S), ie. the usually defined (F) space of all functions f(2) of A
into S such that %f(a) is absolutely summable in S. For fe K, we

define u(f) as a function on A of which the value at 2 is @\(f(2)).
Now put F=I(A), and E,={f;u(f)eF}, then E, is dense in E and
u, restricted on E,, satisfies the conditions (1), (2) and (3).

In fact, w(E,) contains every function whose values are 0 except
for a finite number of 2, and hence, is dense in F. The condition (2)
is also satisfied, since ;'(0) is dense in S. Let A be an arbitrary
bounded set of E, then there exists 2,¢ A such that fecA implies
f(A)eB, for every ¢ A. Then the value of u(f) at 4, is 0 for every
feA, and hence the closure of u(A) is not a neighbourhood of 0 in



