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1. Introduction. It is well known that a C* function f is
analytic on [, 8] if and only if there exist positive constants M and
a such that

(1) sup | f“(x) | <Ma‘kl, k=0,1,2,:-- .
2€[a,

In this paper we prove a generalization of this fact for functions
with several variables. Our main result is the following

Theorem. Let D be a domain in R", and let A be an elliptic
differential operator of order m with constant coefficients. Then, for
a function feLi.(D) to be analytic in D it is necessary and sufficient
that 1) for every k, A*f (in the sense of the distribution) belongs to
Li(D), and that 2) for every compact KC D, there exist positive
constants M and a such that*

(2) Il A*f || g = M(ak)™, £=0,1,2,--- .

Recently E. Nelson gave a similar sufficient condition in the case
where the coefficients of A are analytic [5]. His condition is essen-
tially that
(3) | A*f || = M(ak)*, £=0,1,2,--- .

It is highly desirable to obtain a result which includes the above two
cases.

At the end of this paper an application will be given on the regularity
of solutions of parabolic differential equations.

Here the author wishes to express his cordial thanks to Professor
K. Yosida whose instruction has meant much to him.

2. Proof of the theorem. We prepare several lemmas. Lemma
1 can be proved by using Cauchy’s integral formula and Taylor ex-
pansion,

Lemma 1. Let K be a compact convex set in R*. A C* function
f(x) defined on K is analytic if and only if there exist positive con-
stants M and a satisfying
(4) sup | D*f(w) |< Ma''p!, |p]=0,1,2,--",

where p:(ph"'; pn)’ |pl:p1+"'+pm
Dr=¢'?loats- - -dufn, pl=p;lpyl---p,l.
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*f HK=< f | f(x) [%lao) . But the theorem holds for norms other than the
9

L*norm, too. For some system of differential operators an analogous theorem holds,
of which Proposition 1 is a special case.



