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75. A Generalization of Konig’s Lemma

By Gaisi TAKEUTI
Department of Mathematics, Tokyo University of Education, Tokyo
(Comm. by Zyoiti SUETUNA, M.J.A., June 12, 1963)

Konig proved in [1] the following lemma:

Let E, E,,---,E,--- be an enumerable sequence of finite and
non empty sets and R a relation of two arguments satisfying the
Sollowing condition: for every element x,., of E,., (n>0) there is an
element x, of E, corresponding to x,,, by the relation R i.e. 2, Rz, ;.
Then we can obtain an infinite sequence Qi Gy-++,q,,+- Such that
e.cE, and a,Ra,,, (n=1,2,---).

Sometimes, it is also called Brouwer’s fan theorem.

In this paper we shall prove a generalization of this lemma.
Let R be a set. p stands for the element of R. A finite set W,
is assigned for every peR. If R, is a subset of R and f is an element
of TIW,, then f is called a partial function (over R) and D(f)

PERy

(the domain of f) is defined to be R,. If D(f)=R, then f is called
a total function. If fand g are partial functions and D(f)=D,=D(g)
and f(x)=g(x) for every xecD,, then we call g an extension of f and
write f<g and f=g!D, If f<g and D(9)=D(f)UN, then we say
‘g is an extension of f over N’.

THEOREM. Let P be a property about partial function satisfy-
ing the following conditions:

1. P(f) holds if and only if there exists a finite subset N of

R satisfying P(f | N).

2. P(f) holds for every total function f.

Then there exists a finite subset N, of R such that P(f) holds if
D(f)2 N,.

It is noted that R be arbitrary large. The case that R is the
set of natural numbers is the original Kénig’s lemma.

To prove this theorem we shall first define several concepts. We
say ﬁ(f ) if there exists a finite subset N of R such that every
extension of f over N satisfies P. Clearly P(f) holds for every total
function.

We define f*g to be the function uniquely defined by the follow-
ing conditions:

1) D(fx9)=D(f)UD(9)

2) f<Lfxg

8) If peD(g)—D(f), then (f+g)(p)=g(p).



