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107. Some Applications of the Functional-Representations
of Normal Operators in Hilbert Spaces. XII

By Sakuji INOUE
Faculty of Education, Kumamoto University
(Comm. by Kinjir6 KUNUGI, M.J.A., Sept. 12, 1964)

In the preceding papers we have been concerned with the general
method of constructing normal operators with arbitrarily preseribed
point spectra in the complex abstract Hilbert space $ being complete,
separable, and infinite dimensional and with its applications to the
theory of functions of a complex variable. In the present paper,
however, we shall first set ourselves the problem of constructing
normal operators with arbitrarily prescribed continuous spectra in 9.

Theorem 29. Let {A,},.,,s.. be an arbitrary bounded infinite
sequence of complex numbers (counted according to the respective
multiplicities), and D an arbitrary connected close set with positive fi-
nite measure in the complex plane such that any point of the closure
of {1,} is not contained in it. Then there are infinitely many bounded
normal operators N in § such that the point spectrum and the con-
tinuous spectrum of each N are given respectively by {1,} and the
union of D and the set of all those accumulation points of {A,} which
do not belong to {4,} itself.

Proof. Let 4 be a Lebesgue-measurable set of positive finite
measure m(4) in the complex A-plane such that it contains D as its
proper subset with measure less than m(4), and L.(4) the Lebesgue
functionspace associated with 4. If we consider the operator T
defined by (T f)(2)=af(2) for every feLy(d), then it can be verified
without difficulty that the adjoint operator 7™ of T is given by
(T*F)A)=af(2) and that T is a bounded normal operator in L,()
such that its continuous spectrum and its point spectrum are given

by 4 and the empty set respectively. Suppose now that {K (1)} denotes
the complex spectral family of 7 and that {$,(2)} and {113,,(2)} are
arbitrarily chosen orthonormal sets determining the subspaces
K4 —-D)Lz(d):‘ﬁt and K(D)Lz(zl):ﬁ respectively. If we divide D in »
disjoint subsets D,, D,,- - -, D, with positive measure, then K(D,)K(D,)=
0 (ixg; 4,7=1,2,8,---,n) and any K(D,) is never the null operator
because of the fact that D, belongs to the continuous spectrum of T.
Hence the dimension of the space K(D)L.(d4) is greater than n, how-
ever large n may be. The same is true of K(4—D)Ly(4). Since, more-
over, Lz(A):-—iI/V\t(-B‘)A?, it turns out from these results that {{,(2)} and



