No. 8] Proc. Japan Acad., 43 (1967) 729

160. A Characterization of Lukasiewiczian Algebra. 1

By Corneliu O. SICOE
Calculus Centre of the Bucharest University

(Comm. by Kinjiré6 KUNUGI, M.J.A., Oct. 12, 1967)

In his papers [1], [2], using an algebraic technique, Prof. K.
Iséki gave a characterisation of Boolean algebra. In this paper, I
shall give a characterization of three-valued Lukasiewicz algebras,
which were introduced by Prof. Gr. C. Moisil [3] as models for
J. Lukasiewicz three-valued propositional calculus [4].

A L-algebra is a system <{X, 0, *, ~> where 0 is an element of
a set X, x is a binary operation and ~ is a unary operation on X
such that the axioms given below hold. We write x<y for xxy=0,
and 2=y for x<y and y<x.

L1) rxy<w,

L2) (xxy)*x(x*x2)<2*Y,

L3) rx(xx(Zx(2*Y))<zx(2* (¥y*(y*2x))),
L4) (xx2)x ((wx2)* (Y*2) < (y*2)x(y*x),
L5) r<Lax(~x*x),

Ls) T (% ~2) < ~(Y*(Y* ~Y))),

L) Tk ~Y<yYk ~a,

L8) ~ERYL ~Y*D,

L9) 0<x.

Further we shall prove some proposition from the axioms L1—L9.
If we substitute yx*z for z in L2, then by L1, L9 we have

(1) TrY<x*(Y*2).
In (1) if we put y==x,2 =~xx2x and use L5, L9, then we have
(2) xxx=0,
By L1, L9 we have
(3) 0x2=0.
In L3 put 2=0, then by (3), L2 we have
(4) x=a%0,

By L2 we have the following lemmas.

Lemma 1. a2<y tmplies zxy<zx*x,

Lemma 2. z<y and y<z imply x<z.

Let us put 2=y in L3, then by L1, (2), (4), Lemma 2, we have

(5) rx(xxy)<y.
By L2 and Lemma 1 we have
(6) wk(2xy) <ux((xy)*(@*x2)).

In (6) put x=x*u, z=xx2, u=((x*u)*y)*(z+u) then



