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212. A Note on Traces on von Neumann Algebras

By Yoshinori Haga
Fuculty of Engineering, Ibaraki University

(Comm. by Kinjiré6 KUNUGI, M. J.A., Nov. 12, 1968)

The purpose of this note is to show a theorem concerning traces
on von Neumann algebras, motivated by a theorem of Kakutani [4] on
divergent integrals. Our theorem may be seen as an extension of
Kakutani’s theorem to the non-commutative abstract integral theory.

Let M* be the set of all positive elements of a von Neumann
algebra M. A trace on M~ is a functional ¢ defined on M*, with
values =0, finite or infinite, having the following properties :

(i) IfS, TeM*, o(S+T)=¢(S)+ o(T).

(ii) If SeM* and 2 is a number =0, @(AS)=1¢(S) (here we

define 0- (4 c0)=0).

(iii) If Se M* and U is unitary, o(USUY)=¢(S).

We say ¢ is finite if p(S)<+ oo for all Se M+, and ¢ is normal if
o(sup S)=sup ¢(S,) for every uniformly bounded increasing directed
set (S,) in M~.

Theorem. Let M be a von Neumann algebra, and ¢ and  be
normal traces on M*. Suppose that
(1) YO < +oo  tmplies ¢(S)< + oco.

Then, there exist a positive constant K and a finite normal trace = on
M+ such that
(2) O ZKP(S)+7(S) forany SeM-.

This theorem concerns essentially with semi-finite von Neumann
algebras because we assume the existence of normal traces, but we
state and prove it without any restrictions of the types of M.

The author would like to express his thanks to Prof. M. Naka-
mura and Prof. Z. Takeda for suggesting the problem and for their
valuable comments in the preparations of this paper.

1. Preliminary results. M? and M” denote the sets of all pro-
jections and unitary operators of a von Neumann algebra M respec-
tively. Let E, Fe M*. If there is a partially isometric V ¢ M such
that V*V=F and VV*=F, we say E and F are equivalent and denote
by E~F. If there is a projection F, such that E~F,<F, we write
E<F. Let (E);c; (resp. (F));c;) be a family of mutually orthogonal
projections in M, and let =iZ.), E, (resp. F =§IF¢), then F and F' are

€

also projections in M. Moreover, if E,~F, (resp. E,<F,) for alliel,



