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Introduction. Let S be a semigroup and X a nonvoid set. Then
we shall say that the pair (S, X) is a transformation semigroup if for
every se S there corresponds a map: X s x—sx e X such that s(tx)
=(st)x for all s,t in S and z in X. Let B(X) be the Banach algebra
of all real valued bounded functions on X with the supremum norm
and B(X)* the conjugate Banach space of B(X). For every se S de-
fine the map L,: B(X)—»B(X) by L,f=,f for feB(X), where ,f(x)
= f(sz) for x in X. Then we have L,L,=L,, and || L,||<1 for all s, ¢ in
S. The map L: s—L, is called the left regular antirepresentation of
S on B(X). ¢eB(X)* is a mean on B(X) if inf {f(x): v € X}<o(f)
<sup{f(®): xe X} for all feBX). If ¢ is a mean on B(X), we
have ||¢||=¢(Iy)=1 where Iy is the constant one function on X.
pe B(X)* is called invariant if ¢(f)=¢(f) for all (s, f) e SXB(X).
¢ € B(X)* is multiplicative if o(f o 9)=¢(f)-p(g) for all f, g € B(X). By
BX denote the set of all multiplicative means on B(X), which is a
w*-compact subset of B(X)*. For every x € X define §, € fX by 4.(f)
= f(x) for all f ¢ B(X) and denote by  the map: X 5 x—d, € fX. Now
we shall say a transformation semigroup (S, X) is extremely amenable
if there is a multiplicative invariant mean on B(X).

On extremely amenable transformation semigroups they are in-
vestigated by E. Granirer in [2] and by the author in [6]. In this
paper, using the results in [2] and [6], we shall give various character-
izations of extremely amenable transformation semigroups by means
of the so-called “fixed-point property”, ‘“multiplicative invariant ex-
tension property’” and “Reiter-Glicksberg’s inequality”. In §4 we note
addenda to my papers [6] and [7].

§ 1. Fixed-point property. We say a transformation semigroup
(S, X) has a fixed-point if there is some x, in X such that sx,=x, for
all seS. A transformation semigroup (S, Z) is called compact if Z is
a compact Hausdorff space and for every se S the map: Zsz—szeZ
is continuous. For example, for every (s,¢) e SXBX define spe X
by sp(f)=¢(:f) for f e B(X). Then (S, gX)is compact. Clearly (S, X)
is extremely amenable if and only if (S, 3X) has a fixed-point. Let
(S,X) and (S,Y) be transformation semigroups. A map ¢: X—Y is
called a homomorphism of (S, X) to (S,Y) if se(x)=0(sx) for all (s, x)
eSxX.



