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84. Extremely Amenable Transformation Semigroups. II

By K6kichi SAKAI

(Comm. by Kinjir5 KUNUGI, M. ,I. A., June 11, 1974)

Introduction. Let S be a semigroup and X a nonvoid set. Then
we shall say that the pair (S, X) is a transformation semigroup if for
every s e S there corresponds a map" X xsx e X such that s(tx)
----(st)x for all s, t in S and x in X. Let B(X) be the Banach algebra
of all real valued bounded functions on X with the supremum norm
and B(X)* the conjugate Banach space of B(X). For every s e S de-
fine the map L" B(X)-B(X) by L,f=sf for f e B(X), where f(x)
=f(sx) for x in X. Then we have LLt=Lts and L [_1 for all s, t in
S. The map L" sL, is called the left regular antirepresentation of
S on B(X). eB(X)* is a mean on B(X) if inf{f(x)’x eX}_<(f)
_sup{f(x)’xeX} for all feB(X). If is a mean on B(X), we
have IIll=(Ix)--I where Ix is the constant one function on X.
eB(X)* is called invariant if (f)=(f) for all (s, f)e SB(X).
e B(X)* is multiplicative if (f g)=(f).(g) for all f, g e B(X). By

fiX denote the set of all multiplicative means on B(X), which is a
w*-compact subset of B(X)*. For every x e X define e fiX by (f)

f(x) for all f e B(X) and denote by 8 the map" X x e fiX. Now
we shall say a transformation semigroup (S, X) is extremely amenable
if there is a multiplicative invariant mean on B(X).

On extremely amenable transformation semigroups they are in-
vestigated by E. Granirer in [2] and by the author in [6]. In this
paper, using the results in [2] and [6], we shall give various character-
izations of extremely amenable transformation semigroups by means
of the so-called "fixed-point property", "multiplicative invariant ex-
tension property" and "Reiter-Glicksberg’s inequality". In 4 we note
addenda to my papers [6] and [7].

1. Fixed.point property. We say atransformationsemigroup
(S, X)has a fixed-point if there is some x0 in X such that SXo=Xo for
all s e S. A transformation semigroup (S, Z) is called compact if Z is
a compact Hausdorff space and for every s e S the map" Z zsz e Z
is continuous. For example, for every (s, ) e S fiX define s e fiX
by s(f)--(f) for f e B(X). Then (S, fiX) is compact. Clearly (S, X)
is extremely amenable if and only if (S, fiX) has a fixed-point. Let
(S,X) and (S, Y) be transformation semigroups. A map a" X-.Y is
called a homomorphism of (S, X) to (S, Y) if sa(x)-a(sx) for all (s, x)
eSX.


