No. 8] Proc. Japan Acad., 50 (1974) 533

121. Kahler Metrics on Elliptic Surfaces

By Yoichi M1YAoKA
Department of Mathematics, University of Tokyo

(Comm. by Kunihiko KODAIRA, M. J. A., Oct. 12, 1974)

The purpose of this note is to outline a proof of the following

Theorem. An elliptic surface admits a Kihler metric if and only
if its first Bettt number is even.

Professor Kodaira raised a problem: Does every compact analytic
surface with an even first Betti number admit a Kihler metric?

Our theorem solves this problem in the affirmative except the case
in which the surface is a K3 surface.

1. Some cohomology groups on elliptic surfaces. Let @: B—4
be an elliptic surface with a section o: 4—B. We employ the notation
of Kodaira [2]. Thus J,G and | denote, respectively, the functional
invariant of B, the homological invariant of B and the normal bundle
of o(4) in B.

The following proposition is due to Shioda [5].

Proposition 1. There exist canonical homomorphisms

a: H'(U, ) —7*(H B, Z))CH B, 0),
g: H'4, O)—H*B, O),
such that

(i) Imaisa commensurable subgroup of j*(HXB, Z)),

(ii) B is an isomorphism,

(iii) the diagram

HW, G “SHU,O00)
| 7
J7*(HB, Z))=—> H*B,0)
1s commutative, where 1* and j* denote the natural homorphisms in-
duced by the canonical injections i: G—O() and j: Z—(O, respectively.
Proof. We have canonical isomorphisms
G3R'0,.(2),
OH3BR,(Op),
and, moreover, ¢ is compatible with 7* through the isomorphisms. We
shall identify G, O(f) and i, respectively, with R'9.(Z), R'9,(Op) and
7*. Let us consider the Leray spectral sequences:
'E}*=H*4, R'9 ,(Z))=>H"*YB, Z),
"EP'=H?*4, R'®,(Op)=>H**B, Op).



