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16. An Interpolation of Operators in
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(Comm. by Koésaku YosipA, M. J. A., Feb, 12, 1976)

1. Introduction. In this note we show that the Marcinkiewicz
interpolation theorem of operators can be extended in the martingale
setting.

2. Definition. Let(2,%, P, {<,};-)) a probability space furnished
with a non-decreasing sequence of s-algebras of measurable subsets
F.C CH,CFp 1T CF=\ G

We define the set of random variables H,=H, (2,5, P, {F,}:-)

1
={rerx@;irlb=], 72dP| " <eo}, where sran= sup |7.0)]
and p=1.

Note that H,C L', and that H,=L? for 1<p<co. In fact, there
exists a constant A, such that || f|,<||fll,<A,|fly- Furthermore,
as is well-known, the norm ||| ]|, is equivalent to |G r.i |4/ 2D,
where Afn =fn —fn—la f0=0 ([1]"[3])-

3. Weak type result. Let T be an operator from H, to the set
of random variables defined on a o-finite measure space (2, &, P).

Theorem. Suppose that

1) T is quasi-linear, i.e. | T(f+P|ZC(Tf|+|T9))

@ Plw; |TS@0)|> )< M/t || flllp, for all t>0, where 1<p;
£¢;<co (i=0,1), pyxp, and ¢, ¢,. Letusputl/p=>1—0)/p,+6/p.and
1/q=Q1—-60)/q,+0/q, 0<0<1. Then

1T I < ACC+DMML || I,
where
A1=0(;— '+ (@—2) ' (p—D)~ ).

Proof. We consider the case 1=p,<p, and ¢,<g, only, the other
cases are treated similarly.

1.st step. The following decomposition lemma is used in the proof,
which corresponds to the Calderén-Zygmund decomposition ([4]-[6]).

Lemma (R. Gundy). Let ve L{Q), r=1. Then for each a>0, v
is decomposed into three random variables g, h,k,v=g+h+k, which
satisfy

(1) P(w; g*@)>0D<K/aloly  lgl,<K]|ol,
(2) Sl <Kol k<K ol,




