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1. Let V be an algebraic variety defined over Z, the ring of rational integers.
The study of the structure of the set V(Z) of the integral points of such a variety
is one of the major goals in number theory and arithmetic geometry. One may
ask, in particular, whether V(Z) is an empty or a finite set. It is an easy and
well-known corollary of the celebrated theorem of Matiyasevich [11] that, in a
given formal system, neither statement can be proved or disproved for infinitely
many varieties V (cf. [11] - [13], [4, pp. 327-328], [5]). For instance, there is a
hypersurface V over Z such that neither the assertion

V(Z) = ∅, (1)

nor its negation is provable in, say, the Zermelo-Fraenkel set theory (=:ZF).
Given a recursively enumerable subset S of the set N of the positive rational

integers, Matiyasevich’s construction allows, in principle, to write down a poly-
nomial PS(t,~x), ~x := (x1, . . . , xn(S)), with integral rational coefficients such that,

for a ∈ N, the Diophantine equation PS(a,~x) = 0 is soluble in Z
n(S) if and only if

a ∈ S. The set T of the (ZF-)provable mathematical theorems is recursively enu-
merable. Therefore, given a suitable numbering N of the set of the well-defined
mathematical assertions, one can construct a polynomial F(t,~x)(:= PN (T)(t,~x))

such that the Diophantine equation F(a,~x) = 0 is soluble if and only if a ∈ N (T).
In this sense, the arithmetic of the affine hypersurface, defined by the equation
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ory.

Bull. Belg. Math. Soc. Simon Stevin 20 (2013), 181–187


