JOURNAL OF SCIENCE OF THE HIROSHIMA UNIVERSITY, SER. A, VOL. 17, NO. 2, DEC., 193
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1. It is well known® that the unitary group U(z, Q) over the sfield @ of
quaternions is isomorphic to the intersection of the unitary group U (2n,C) and the
symplectic group Sp (2n, C) over the field C of complex numbers. We shall extend
this theorem for the unitary groups over rings with unit element and with an
involution.

Let R be an arbitrary ring with unit element e, and with an involution 7, that
is, a one-to-one mapping £—£7 of R onto itself, distinct from the identity, such that
EAI =L 4nl, (En)=nlEl, and (&) =f. Let Vg be a right and left vector
space over R; an hermitian form over Vj is a mapping (x,y)—>f(x,¥) of VexVz
into R, which for any z, is linear in y, and such that f(y,x)=f(x, ). This implies
that f(x,y) is additive in x and such that f(a\, y)=Mf(x,»5). And suppose that
the form f is nondegenerate, or in other words that if f(x,¥)=0 for all ye V&, then
x=0. A unitary transformation # of Vz is a one-to-one linear mapping of Vz onto
itself such that f(u(x),#(y))=f(%,») identically, these transformations constitute
the unitary group U (Vpg, f ). As for these definitions, we followed J. Dieudonné® .

Let ? be the ring, which is the 2-dimensional right and left vectot space over
R having ¢, and e; as a basis; in which the multiplication is defined by (i) the
distributive law, (ii) eoeo=eo,’e0e1=e1e0=ei, eie;=¢yp (peR), and (iii) e,ax=waey,
e a*=ne, for every ae R, where the mapping a—«a* is a one-to-one mapping of R
onto itself; and in which the involution J is defined by ey —e;, e/ —ew (v € R), and
aJ=qal for every a€R.

Moreover let Vi be the extension of Vi for the extension B of R, then Vi is
the 2-dimensional right and left vector space over Vp having ¢, and e¢; as a basis.
And suppose that epx=xe;, e;x=x%e¢; for every xe Vg, where the mapping x—x* is a
one-to-one mapping of Vx onto itself.

2. We shall consider the condition for the R stated in 1 to be a ring with an
involution J.

Lemma 1. R is a ring, if and only if p*=up and p&**=Egu for every &€ R.

Proor. For the R stated in 1, the multiplication is defined by (ko teé)(em,
+em=eq(Emot+pEr*m)+e(E1mo+E¢*n); and the axioms of ring, except for the

1) Cf. C. Chevalley, Theory of Lie groups, Princeton University Press, 1946, p. 22.
2) ). Diedonné, On the structure of wunitary groups, Trans. Amer. Math. Soc, vol, 72 (1952),
p. 367.
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