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Introduction

In this paper we shall introduce a numerical invariant of a graded module
which we call Castelnuovo's regularity, and our aim is to study the structure of
graded rings by using this invariant.

Castelnuovo's regularity was first defined by Mumford [12] for coherent
sheaves on projective spaces, and on the other hand it is closely related to the
a-invariant of a graded ring introduced by Goto and Watanabe ([6], see also
Schenzel [19]).

One of our main purposes is to study the structure of minimal free resolutions
of graded rings by Castelnuovo's regularity. Such studies were already done by
Wahl, Sally and Schenzel in some special cases, and we were stimulated by their
work.

After proving a fundamental theorem which claims, in particular, that 0-
regular positively graded modules over a homogeneous algebra are generated by
their elements of degree zero, we show that flat 0-regular homogeneous algebras
are characterized as symmetric algebras.

Then we give a characterization of 0-regular graded modules over 1-regular
homogeneous algebras in terms of their minimal free resolutions, and we obtain
a generalization of a theorem of Schenzel about minimal free resolutions of certain
Cohen-Macaulay algebras (e.g., 1-regular algebras).

For Cohen-Macaulay algebras, there are useful characterizations of regularity
by their Hubert functions and Hubert series. Using this fact, we examine the
structure of minimal free resolutions of certain Cohen-Macaulay algebras which
include 2-regular Cohen-Macaulay algebras.

Next, we consider upper bounds of regularity for Cohen-Macaulay and
Buchsbaum algebras and study the cases in which given upper bounds are attained.

Finally we remark about a relation between regularity and the degree of
defining equations of homogeneous algebras.

I would like to thank my friend Shiroh Itoh for useful discussions and
comments in preparing this paper.

Notation and terminology

Throughout this paper, all rings are commutative noetherian rings with unit.


