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§1. Introduction

Let D={xe Rr: x;>0} where x=(x,...,x,) and p>2 and let D be the
euclidean boundary of D. If u is subharmonic in D and y € 6D, we define u(y)=
lim sup u(x), x—»y, xe D. If u<0 on 0D and if sup u(x)/x, < oo, then it is known
that

u(x)/x; >a, x>0, xeD\E, (1.1

where the exceptional set E is minimally thin at infinity (cf. J. Lelong-Ferrand [8]).
This result is best possible in the sense that the property of minimal thinness at
infinity in D completely characterizes the exceptional set in question. If p>3,
it is also known that

(u(x)—ax,)/|x]| =0, x—>o0, xeD\F, (1.2)

where the exceptional set F is rarefied at infinity in D (cf. Essén—Jackson [5b]).

In the present paper, we deduce precise descriptions of the geometrical
properties of the exceptional sets E and F which will be new when p=2 and which
will be improvements of the results of Essén and Jackson on problems (1.1) and
(1.2) when p>3. Our Theorems 1, 2 and 3 are best possible of their kind and
contain the earlier of results of this type which are due to Ahlfors and Heins
[1], Hayman [6] and Azarin [2]. (For details on earlier work, we refer the
reader to the introduction in [Sb]).

We shall say that a set EcD has a covering {t,, r,, R,} if there exists a
sequence of balls {B,} with centers in D such that E< U B, where r, is the radius
of B,, R, is the distance from the origin to the center of B, and ¢, is the distance from
the center of B, to dD.

It is known that the subharmonic function u can be uniquely decomposed as

u(x) = ax; — Gu(x) — Puy(x),

where « is defined in (1.1), Gu is the Green potential of a mass distribution u
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