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Abstract. Let M 4 be a closed oriented 4-manifold such that rankZ2 H2 ðM 4 ; Z2 Þ ¼ 1.
Then we prove that every stable map f : M 4 ! R 3 always has cusp singularities.

1.

Introduction

Is the Thom polynomial the only obstruction to removing the corresponding singularities of a given smooth map? This is one of the important
questions in Global Singularity Theory and several a‰rmative answers had
been given mainly on the elimination of 0-dimensional singularities (see [9, 8]).
In [5, Theorem 4] and [6, Theorem 4.5] Saeki discovered a negative case that
every stable map of a closed 4-dimensional manifold M 4 with H ðM 4 ; ZÞ G
H ðCP 2 ; ZÞ into an orientable 3-manifold has necessarily nonempty one dimensional cusp singularities. This means that the cusp singularities cannot be
removed, although the Thom polynomial vanishes.
Analyzing his proof in [5], it seems that this phenomenon is caused by a
Rohlin type theorem peculiar to 4-dimensional di¤erential topology and essentially based on the condition that H2 ðM 4 ; ZÞ G Z. The condition that
H1 ðM 4 ; ZÞ ¼ 0 is also technically needed to use the author’s mod 4 formula in
[10].
The purpose of this paper is to extend Saeki’s theorem for a wider class
of 4-manifolds at least without the assumption that H1 ðM 4 ; ZÞ ¼ 0. Actually,
we prove that the same statement holds for a closed orientable 4-manifold M 4
with rankZ2 H2 ðM 4 ; Z2 Þ ¼ 1. Our proof heavily depends on Yamada’s result
in [13].
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