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A Liouville theorem for polyharmonic functions
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Abstract. We give a short, elementary proof of a theorem which shows that if u is a

polyharmonic function on Rd and the growth of uþ is suitably restricted, then u must be

a polynomial.

1. Introduction

A typical point of Rd , where d b 2, is denoted by x ¼ ðx1; . . . ; xdÞ. We

write D for the Laplace operator
Pd

j¼1 q
2=qx2

j and define D1 ¼ D and

Dpþ1 ¼ DDp when p A N. A function u : Rd ! R is called polyharmonic of

order p if u A C2pðRdÞ and Dpu1 0 on Rd . We denote the vector space of all

such functions by Hp. Thus, in particular, H1 is the space of all harmonic

functions on Rd . The positive part of a function u : Rd ! R is denoted by uþ;

that is, uþðxÞ ¼ maxfuðxÞ; 0g for each x in Rd .

A classical Liouville theorem for harmonic functions may be stated as

follows: if u A H1 and uþ is bounded on Rd , then u is constant. A gener-

alization, due to Kuran [4, Theorem 2], shows that if u A Hp and uþ is

bounded on Rd , then u is a polynomial of degree at most 2p � 2. Several

authors have given further generalizations. To describe their results, we in-

troduce some more notation. The open ball and the sphere of radius r centred

at the origin 0 of Rd are denoted by BðrÞ and SðrÞ. We denote d-dimensional

Lebesgue measure by l and ðd � 1Þ-dimensional surface measure by s. Some

known results are summarized in the following theorem.

Theorem A. Let u A Hp, where p A N, and let s be a number such that

s > 2p � 2. The following statements are equivalent:

(1) u is a polynomial of degree less than s;

(2) limr!þy r�s�dþ1
Ð
SðrÞ u

þ ds ¼ 0;

(3) lim inf r!þy r�s�d
Ð
BðrÞ u

þ dl ¼ 0;

(4) lim inf r!þyðr�s maxfuþðxÞ : x A SðrÞgÞ ¼ 0:
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