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1. Introductien. The present
short note 1s a preliminary report on an
attempt to generalize the ciasslcal exi-
stence theorem of enalytic functions on
closed Riemann surfaces”to the case of
the theory of functions of two complex
varianles. Let W( be a c¢closed analytle
surface, l.6. a 2-dlmensional {Sopologle
cally 4-dimensional) analytic manifold;
the local {analytic) coordinates on M
willl be denoted by ' %*. The poles
and zero-pcinte of a ong-valued meromor-
phic function $(% g*) defined on ¥l con-
atitute a l-dimensionsl anaiytic submani-
fold of ¥{ consisting of o finite number
of irreduclble closed analytlc curves
T, Dy, - T s> each of which ls
s poler or’sa Zero-point curve of H(xt &%)
The formal sum

D"‘Z“ﬂ‘kr};

of these curves multiplied respectively
by the multiplicity m, of [y is called
the. divisor of 4{z! ¥, where the multi-
plicities of the polar curves are to bs
associated with the negative sign, The
divisor D of f(£: 2*) can be also defined
in case f(z‘, %% is e many-valued meromor-
phic function, if the abseclute value
$(2 )] is one-valued on P . Such a
function 1s called multiplicative, since,
if one prolongs #$(2' 2*) analytically
along a closed contimuous curve ¥ , then
f(zi, %) is multiplied by a constant rfactor
A(¥) depending only on the homology
clags of ¥ on P . From the topclogical
viewpeint, the divisor ) 1s a 2-cycle on
M. It can be readily proved that the
divisor D of an arbitrary multiplicastive.
meromorphlic function on Y satisfieas

D= 0o (homology with divisicn sllowed),

Assume now that a ecycle D= Fm,[3
consisting of a finite number of irredu.
cible closed analytic curves [, j5 ---
is glven. Then, does a multiplicative
meromorphic function £(z% 2%) on M
having D as i%s divisor exist? In what
follows thls fundamental question will be
anagwered affirmatively under the azsumpe
tion that a positive definite Hermitlan
netric

a5 = Gaa drnd&f

without torsion is defined on W(. Im
this note we shall glve the main reaults
and the cutline of the proofs only. The
desailed proofs and more systemstic the-
ory of apslytic functions on analytic
surraces will be glven elsewhore,

2, Harmonle Integrals. Futting
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we introduce tue resl coordinates xi x% x}
x* on ¢ . Then® becomes 'a 4~dimension-
8l closed Risemannian manifold with the
positive definite metric

; BT i 1%

) dg* e 2’5"‘? dx®dFP = gj&dx’cl.x

{in what follows Latin subseripts j, &
etc, take values ranging from ! to 4 and
Greek subscripts o denote 1 or 2),
Now we shall consider differential
forms '

defined onN7, where p denotes the rank
of Y « The form 4 is sald to be mea~
surable, to have continuous derlivatives
or to be regulsr, if the coefflclents
'\}'3&“.2 are measurable, have contlinuous
derlvatives or regulsp analytic as funce
tions of the local coordinates x*x% x3 x*.
The derived form and the dual form of 4
will be denoted by 9 and ¢ , reosp.;
as is well known, they are deflned by
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where § = det(9gjg) o The dual deriva-
tion 4" and the Laplacian A are defined
by

= Jut¥,

A= -t oy



