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QUASIHARMONIC L? FUNCTIONS ON THE
POINCARE N-BALL

By LuNG Ock CHUNG, LEO SARIO AND CECILIA WANG

By definition, a function ¢ on a Riemannian manifold R is quasiharmonic if
dq=1, with 4=dé+0d the Laplace-Beltrami operator. There is fairly extensive
literature on the existence of quasiharmonic functions in the classes P, B, D or C
of functions which are positive, bounded, Dirichlet finite, or bounded Dirichlet
finite, respectively. In contrast, very little is known about the existence of quasi-
harmonic functions in L?.

Let @ be the class of quasiharmonic functions and set QX=0QNX for X=P,
B, D, C, L?. For any function class F, denote by Or the class of Riemannian
manifolds which do not carry any nonconstant functions in F, and Oy its com-
plement. The purpose of the present study is to give a criterion for R€O0,;»
and to relate the class Oy, to some harmonic and quasiharmonic null classes.
We also discuss interrelations between the classes O,,» for various p. For
explicit results, we consider these problems on the Poincaré N-ball BY, that is,
the unit ball of N-space, N=2, endowed with the metric ds,={1—r®%ds,, r=|x|,
with a R and ds, the Euclidean metric.

We start by stating, with or without proofs, some auxiliary results, mostly
known, to be called Propositions. The new results will be given in Lemmas 1-6
and Theorems 1-3.

§1. Preliminaries

Propositions 1 and 2 on the general behavior of quasiharmonic functions will
greatly simplify earlier proofs on characterizing quasiharmonic null classes. Let
(r, O=(r, @, ---, 6V~1) be the polar coordinates in RY,

PROPOSITION 1. Ewvery quastharmonic function q(r, 0) on BY can be repre-

sented as
q(r, O)=q(r)+h(r, O)=qo(r)+c+h(r, 0),

where h(r, 0) is a harmonic function, ¢ a constant, and

qo(r):_S:(l_ t2)—(N-—2)at-(N—I)S:(l_SZ>NasN—1dS dt.
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